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Abstract

Information Systems Technology and Design
Doctor of Philosophy

Modern Portfolio Construction with Advanced Deep Learning Models

by Joel ONG

This thesis explores the modern application of deep learning techniques in portfo-
lio construction, presenting innovative methodologies that significantly enhance tradi-
tional investment strategies. Central to this research are three advanced frameworks
that leverage deep learning to optimize financial portfolios.

The first framework introduces a diversified risk-adjusted TSMOM strategy utiliz-
ing multi-task learning. This approach simultaneously optimizes portfolio construc-
tion and volatility forecasting, resulting in improved portfolio performance by learn-
ing both momentum signals and volatility estimators. Experimental results involving
a diversified portfolio of continuous futures contracts demonstrate that this method
outperforms existing TSMOM strategies.

The second framework employs a multi-task learning model with a multi-gate mix-
ture of experts to optimize momentum portfolios across multiple timeframes. This
model excels over benchmarks across various asset classes, effectively capturing com-
plex momentum dynamics in equity indexes, fixed income, foreign exchange, and
commodities. Extensive backtesting highlights its capacity to enhance risk-adjusted
returns, underscoring its practical utility for portfolio management.

The third framework presents an adaptive sparse Transformer model designed for
index tracking. By combining sparse modeling with deep learning, this framework
optimizes passive investment strategies. Backtesting spanning from 2005 to 2024 re-
veals that it delivers higher excess returns and lower tracking errors compared to ex-
isting models, showcasing the effectiveness of this approach in refining index tracking
methodologies.

Lastly, we introduce the CurveMMOE model, a deep-learning framework for trad-
ing commodity futures curves. This model integrates multi-task learning with a Mix-
ture of Expert architecture, outperforming traditional methods on risk-adjusted re-
turns. These frameworks contribute significantly to portfolio construction by harness-
ing the power of deep learning techniques. They provide investment practitioners
with innovative approaches to improve financial performance, particularly in challeng-
ing market environments. This research advances our understanding of deep learning
in finance and offers practical strategies for real-world investment scenarios.
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Chapter 1

Introduction

1.1 Portfolio Construction

Portfolio construction is a cornerstone of investment management; it aims to balance
risk and reward, tailoring investment strategies to meet specific financial goals and
risk tolerances. The foundation of modern portfolio construction lies in the pioneering
work of Markowitz, 1952 and his Modern Portfolio Theory, which emphasizes diver-
sification—the principle that investing in low-correlated assets across various classes
can reduce overall portfolio risk without sacrificing returns. This approach embodies
the age-old wisdom of "Do not put all your eggs in one basket." Today, portfolio man-
agers navigate a complex landscape of assets, including traditional stocks and bonds
and alternative investments like real estate, commodities, and cryptocurrencies. The
challenge lies in determining the ideal mix of these assets to maximize returns while
maintaining acceptable risk levels. Traditional portfolio construction methods, which
rely on statistical models and optimization techniques, are now complemented by ad-
vanced quantitative methods. These methods leverage vast datasets and sophisticated
algorithms, with machine learning and artificial intelligence pushing the boundaries
of what is possible in portfolio optimization. This technological advancement enables
more nuanced strategies to adapt to rapidly changing market conditions.

1.2 Motivations

The primary objective of portfolio construction research, a crucial field in the invest-
ment industry, is to develop and refine methodologies that optimize the allocation of
financial assets. This optimization aims to achieve superior risk-adjusted returns while
adhering to specific investor constraints and objectives. The multifaceted nature of
this field is dedicated to advancing our understanding of asset pricing dynamics, risk
management techniques, and the intricate interplay between various market factors.
The field of portfolio construction research encompasses a broad array of objectives,
with several key goals at its forefront. The following priorities, while not exhaustive,
represent critical areas of focus in contemporary academic and industry research:

¢ Refine and enhance the estimation of key inputs for portfolio construction tech-
niques, specifically focusing on expected returns and risk measures.

¢ Integrating advanced machine learning and artificial intelligence techniques in
portfolio construction.
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¢ Developing more sophisticated optimization algorithms that can handle com-
plex, multi-period investment scenarios and account for real-world frictions such
as transaction costs and liquidity constraints (Chiam, K. Tan, and Mamum, 2008;
Sawik, 2011; S. Babaei, Sepehri, and E. Babaei, 2015; Xidonas and Essner, 2022).

¢ Incorporating insights from behavioral finance into quantitative portfolio models
to account for investor psychology and market sentiment (Lo, 2004; T. C. Silva,
Tabak, and Ferreira, 2019; Pagliaro et al., 2021).

* Developing more effective performance attribution and risk decomposition meth-
ods to enhance transparency and inform decision-making.

¢ Advancing techniques for multi-asset and multi-factor portfolio construction that
can effectively balance exposures across various risk premia (N.-F. Chen, Copeland,
and Mayers, 1987; Fama, 1996; Kremer, Talmaciu, and Paterlini, 2018; Khalid
Ghayur and Platt, 2018).

Ultimately, the primary objective of portfolio construction research is to bridge the
gap between theoretical finance paradigms and their practical application in invest-
ment management. This research seeks to integrate abstract financial models with real-
world constraints, fostering the development of investment strategies that are both aca-
demically rigorous and operationally feasible. The aim is to create methodologies that
withstand rigorous theoretical scrutiny while addressing the complexities of live mar-
ket environments. These advanced strategies are designed to deliver consistent, risk-
adjusted outperformance across diverse market conditions, effectively translating theo-
retical insights into tangible investment outcomes. By reconciling theory with practice,
portfolio construction research not only advances the field of quantitative finance but
also enhances the effectiveness of investment management, potentially leading to more
efficient capital allocation and improved financial decision-making processes.

1.3 Contributions
Our overall contributions can be summarized as follows:

* We developed a novel multi-task deep learning framework that significantly im-
proves time-series momentum portfolios. This research marks the first imple-
mentation and study of multi-task learning within the context of portfolio con-
struction. Additionally, we conduct extensive experimental analysis to under-
stand the performance trade-offs associated with different volatility-related aux-
iliary tasks.

¢ Weintroduced a novel Multi-task Learning framework with a Multi-gate Mixture-
of-Experts architecture, which facilitates end-to-end learning for multi-period port-
folio construction to enhance momentum portfolio performance. This study rep-
resents the first implementation and examination of Multi-task Learning com-
bined with a Multi-gate Mixture-of-Experts approach specifically within portfolio
construction. Additionally, we provide comprehensive experimental analysis to
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evaluate and understand the performance outcomes of this innovative method-
ology against existing momentum strategies and various portfolio construction
techniques.

* We proposed a novel multi-objective deep learning system based on a sparse
transformer architecture for constructing an index-tracking portfolio. Our con-
tributions include introducing the a-entmax activation function within a deep
learning architecture to jointly optimize asset selection and weighting in one co-
hesive step, eliminating the need for separate sub-models. We also implement
multi-objective optimization by dynamically learning weights to minimize track-
ing error and transaction costs while maximizing excess returns during training.

¢ We introduced an innovative approach that leverages the Mixture-of-Experts ar-
chitecture within a Multi-task Learning framework. This architecture enables the
simultaneous prediction of various futures curve dynamics, optimizing trading
strategies across different market states. By integrating these advanced quantita-
tive techniques with traditional curve trading methods, this research provides a
deeper understanding of market behavior and presents novel opportunities for
trading curve dynamics in the commodities markets.

1.4 Thesis Outline

The thesis is organized as follows:

¢ In Chapter 2, we conduct a comprehensive review of existing works relevant to
our research area. We assess various methodologies, identify the challenges they
face, and compare these with the approaches we propose.

¢ In Chapter 3, we presents a diversified risk-adjusted time-series momentum (TSMOM)
strategy that incorporates multi-task learning to optimize portfolio construction
alongside auxiliary tasks related to volatility forecasting. By simultaneously learn-
ing both momentum signals and volatility estimators, this approach significantly
enhances portfolio performance. Experimental results from a diversified port-
folio of continuous futures contracts demonstrate that this method outperforms
existing TSMOM strategies.

¢ In Chapter 4, we presents a multi-task learning approach using a multi-gate mix-
ture of experts to optimize a multi-timeframe momentum portfolio. This model
consistently outperforms benchmark strategies across various asset classes by
capturing the intricate dynamics of time series momentum across different time
frames, including equity indexes, fixed income, foreign exchange, and commodi-
ties. Extensive backtesting demonstrates the model’s superior ability to improve
risk-adjusted returns, underscoring its practical value for portfolio management.

¢ In Chapter 5, we introduce an adaptive sparse Transformer model for construct-
ing an index tracking portfolio by integrating sparse modeling techniques within
a deep learning framework. Comprehensive backtesting from January 2005 to
April 2024 demonstrates that this model outperforms state-of-the-art approaches,
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achieving higher excess returns and reduced tracking errors. These results un-
derscore the effectiveness of combining deep learning with sparse modeling to
enhance index tracking methodologies.

¢ In Chapter 6, we extend the application of the multi-gate mixture of experts ar-
chitecture within a multi-task learning framework to the domain of commodities
curve trading. This approach is tailored to exploit the unique characteristics of
futures curve dynamics, optimizing trading strategies by capturing the complex
interactions between contango and backwardation states. The model’s ability
to adapt to varying market conditions is demonstrated through comprehensive
backtesting, where it consistently enhances risk-adjusted returns, further validat-
ing its efficacy in commodities trading. This exploration underscores the model’s
versatility and its potential to redefine curve trading strategies in the commodi-
ties markets.

¢ In Chapter 7, we present a thorough summary of the main contributions of this
thesis and outline directions for future work.



Chapter 2

Literature Review

Our discussion begins with the seminal mean-variance optimization framework intro-
duced by Markowitz, 1952, which laid the foundation for modern portfolio theory.
He introduced the concept of efficient portfolios that maximize expected returns for a
given level of risk. This work, which earned him a Nobel Prize in Economics in 1990,
established the framework for portfolio optimization and highlighted the importance
of diversification as a risk reduction strategy. Building on this foundation, Sharpe, 1964
and Lintner, 1969 independently developed the Capital Asset Pricing Model (CAPM)
in the mid-1960s, extending MPT by introducing concepts such as systematic and un-
systematic risk, the risk-free rate, and market risk premium. We examine its principles,
advantages, and the challenges associated with its practical implementation. Build-
ing on this, we explore extensions and alternatives developed to address some of the
limitations of the traditional mean-variance approach. Furthermore, we investigate
cutting-edge developments in portfolio optimization, with a particular focus on the
burgeoning field of deep learning. This exploration showcases how modern compu-
tational techniques are reshaping the landscape of quantitative finance, offering new
avenues for more sophisticated and adaptive portfolio management strategies.

2.1 Mean-Variance Optimization

Mean-Variance Optimization (MVO) is a fundamental concept in modern portfolio the-
ory, introduced by Markowitz, 1952. It provides a framework for constructing portfo-
lios that maximize expected return for a given level of risk or minimize risk for a given
level of expected return. The objective of MVO is to determine the portfolio weights
w = (w1, ws,..,wy,) for n assets. These weights represent the proportion of capital al-
located to each asset within the portfolio. The two key metrics in this optimization
process are the portfolio’s expected return E[R,] and its variance 2. The expected
return of the portfolio is given by

E[Ry] = w'p
where 1 is the vector of expected returns for n assets. The portfolio variance can be

written as

012) =w!'Yw
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where Y is the covariance matrix of asset returns.

- Efficient Frontier

¢
]

A

Min Volatility Portfolio
Max Sharpe Portfolio

Risk Free Assets

Expected Return

Standard Deviation
FIGURE 2.1: Portfolio selection from the efficient frontier

The efficient frontier is a critical concept in MVO, representing the set of optimal
portfolios that offer the highest expected return for a given level of risk or, equivalently,
the lowest risk for a given level of expected return. These portfolios are considered "ef-
ficient" because they are optimized for both return and risk. The efficient frontier is
typically plotted in a risk-return space, where the x-axis represents the portfolio risk
and the y-axis represents the expected return. The curve formed by the efficient fron-
tier is upward-sloping, reflecting the trade-off between risk and return. Portfolios that
lie below the efficient frontier are suboptimal because they do not provide the maxi-
mum possible return for their level of risk. Conversely, portfolios that lie above the
frontier are unattainable, given the constraints. The mathematical representation of
the efficient frontier involves solving the following optimization problem for different
levels of expected return:

minimize o

p
subjectto  w’ = E[R,)]
n
Zwi =1
i=1
w; >0, 1=1,...,n

By varying the target expected return E[R,], we can trace out the efficient frontier.
One unique portfolio on the efficient frontier is the minimum variance portfolio. This
portfolio minimizes risk without regard to the expected return. This portfolio lies at
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the leftmost point on the efficient frontier, representing the lowest possible risk for any
portfolio of the given assets. The optimization problem for the minimum variance
portfolio is:

minimize 012,
n
subject to Z w; =1
i=1
w; >0, i=1,...,n

where w is the vector of portfolio weights, ¥ is the covariance matrix of asset returns
and n is the number of assets. The second formulation aims to maximize the Sharpe
ratio (Sharpe, 1994), which is a measure of risk-adjusted return. The Sharpe ratio is de-
fined as the ratio of the portfolio’s excess return (over the risk-free rate) to its standard
deviation. The optimization problem to maximize the Sharpe ratio is:

T

maximize wHrZTY
VuwTXw
n
subject to Z w; =1
i=1
w; >0, 1=1,...,n

where 7 is the risk-free rate.

While foundational in modern portfolio theory, MVO exhibits several significant
limitations that can impact its effectiveness in real-world applications. MVO assumes
that asset returns are normally distributed. However, empirical evidence consistently
demonstrates that financial returns often exhibit non-normal characteristics, includ-
ing skewness and excess kurtosis (Cont, 2001). This discrepancy can lead to under-
estimation of tail risks, particularly during market stress periods (Xiong and Idzorek,
2011). MVO is inherently static, utilizing historical data to estimate future parame-
ters. This approach does not account for financial markets” dynamic and often non-
stationary nature, where correlations and volatilities can change rapidly, especially
during crises (Engle, 2002). In practice, MVO often produces highly concentrated port-
folios or corner solutions, where a small number of assets receive disproportionately
large allocations. This outcome may conflict with diversification principles and practi-
cal investment constraints (DeMiguel, Garlappi, and Uppal, 2009).

MVO is highly sensitive to estimation errors in the expected returns vector p and
the covariance matrix 3. These errors can significantly impact the resulting portfolio
weights, leading to suboptimal portfolios. To address this, several techniques have
been developed to improve the robustness of parameter estimates. Shrinkage estima-
tors aim to improve the estimation of the covariance matrix by combining the sample
covariance matrix with a structured estimator, often chosen for its desirable properties,
such as lower variance or more stability. The idea is to shrink the sample estimator to-
wards the structured estimator, resulting in a more reliable estimate. Ledoit and Wolf,
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2004 propose a shrinkage estimator for the covariance matrix that blends the sample
covariance matrix with a structured target matrix. The shrinkage estimator is given by:

ZLWZ(XF—I—(l—CV)XZ

where Y1w is the shrunk covariance matrix, F' is the structured estimator, and « is
the shrinkage parameter, with 0 < a < 1. While the Ledoit-Wolf shrinkage approach
has been widely adopted and provides significant improvements over the sample co-
variance matrix in many scenarios, it does have several limitations. The Ledoit-Wolf
approach employs a linear combination of the sample covariance matrix and a struc-
tured target. This linearity may not capture complex, non-linear relationships in the
data, potentially leading to sub-optimal shrinkage in scenarios where the true covari-
ance structure deviates significantly from both the sample estimate and the structured
target (Ledoit and Wolf, 2017). The Ledoit-Wolf approach implicitly assumes that the
covariance structure is relatively stable over time. In financial markets, where correla-
tions and volatilities can exhibit significant time-variation, this assumption may lead to
estimation errors, particularly during periods of market turbulence (Engle, 2002). Al-
though the Ledoit-Wolf estimator performs well in high-dimensional settings, its per-
formance can degrade in extremely high-dimensional scenarios where the number of
assets far exceeds the number of observations (Ledoit and Wolf, 2012).

2.2 Deep Learning in Portfolio Construction

Yi Zhang, Yu Zhang, and W. Wang, 2021 explore the transformative potential of deep
learning in portfolio optimization. Their research highlights the ability of neural net-
works to capture non-linear relationships in financial data, automatically extract rele-
vant features, and model complex distribution shapes. They emphasize the advantages
of recurrent models like RNNs and LSTMs in capturing time-series dynamics and in-
tegrating diverse data sources for a comprehensive investment view. Gu, Kelly, and
Xiu, 2020 examines the use of machine learning in empirical asset pricing, demonstrat-
ing how deep learning models can uncover latent factors driving asset returns and
outperform traditional linear models. Heaton, Polson, and Witte, 2017 discusses the
application of deep learning in finance, highlighting its ability to model complex re-
lationships and improve forecasting accuracy compared to traditional methods. Deep
learning research is exciting and holds the potential to offer compelling solutions to the
limitations of Mean-Variance Optimization (MVO) due to several transformative capa-
bilities and advancements it brings to the field of portfolio construction. While deep
learning approaches offer numerous potential advantages over traditional MVO, they
also come with their own set of challenges. Deep learning models, with their ability
to capture complex, non-linear relationships and adapt to dynamic market conditions,
provide a more robust framework for portfolio construction (B. Lim, Arik, et al., 2021;
W. Chen, Haoyu Zhang, and Jia, 2022a; Ashrafzadeh et al., 2023; Ong and Herremans,
2023). They can handle various real-world constraints, incorporate behavioral factors,
and optimize for multiple periods (Abolmakarem et al., 2023; Cui et al., 2024; Byun, S.
Cho, and D.-H. Kim, 2024; Ong and Herremans, 2024). However, these benefits come
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at the cost of increased complexity, requiring significant computational resources and
expertise in model development and training.

One of the significant challenges facing deep learning in portfolio construction is the
issue of interpretability. Interpretability refers to understanding and explaining how a
model arrives at its predictions or decisions (Doshi-Velez and B. Kim, 2017; Lundberg
and S.-I. Lee, 2017; Gilpin et al., 2018; Xie et al., 2020). This is crucial in portfolio man-
agement for several reasons. Firstly, trust and transparency are paramount in financial
decision-making. MVO models are based on well-understood mathematical principles,
making their outputs relatively easy to explain. In contrast, deep learning models, with
their complex architectures, can be difficult to interpret, making it challenging to eluci-
date the rationale behind their predictions. This lack of transparency can hinder trust
and acceptance among users who require clear, justifiable reasons for investment deci-
sions.

Significant advancements have been made in explainable Artificial Intelligence (XAI)
in recent years. These developments aim to bridge the gap between the complex-
ity of deep learning models and the need for interpretability in critical applications
such as portfolio construction. Techniques such as SHAP (SHapley Additive exPlana-
tions) (Lundberg and S.-I. Lee, 2017), LIME (Local Interpretable Model-agnostic Expla-
nations) (Ribeiro, Singh, and Guestrin, 2016), and attention mechanisms (Vaswani et
al., 2017) within neural networks are increasingly integrated into deep learning frame-
works to enhance their transparency. By incorporating these explainable Al techniques,
deep learning models can provide more insights into their decision-making processes,
making them more accessible and trustworthy to users.

This enhanced transparency can significantly boost the adoption of deep learning in
portfolio construction. When investors and portfolio managers can understand the ra-
tionale behind model predictions, their confidence in using these models for decision-
making increases. This can lead to improved investment performance, better risk man-
agement, and ultimately, greater acceptance and reliance on deep learning technologies
within the financial industry.
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Chapter 3

Constructing time-series momentum
portfolios with deep multi-task
learning

3.1 Introduction

As financial markets have evolved, there has been growing interest in exploring alter-
native methods that can better accommodate the complexities of modern data. Deep
learning offers a promising approach, providing the ability to model more intricate
relationships in financial data. While MVO remains a valuable tool, deep learning
presents an additional option for those looking to enhance portfolio construction by
leveraging the strengths of advanced data-driven techniques.

Momentum is a phenomenon that has been extensively studied in the finance lit-
erature. It is based on the idea that assets that have recently outperformed their peers
will continue to outperform their peers (Jegadeesh and Titman, 1993; Jegadeesh and
Titman, 2001). T. J. Moskowitz, Ooi, and Pedersen (2012) proposed the concept of time-
series momentum (TSMOM), whereby asset selection focuses purely on the assets” past
return rather than their relative returns. They show that a strategy where one simply
buys assets if their past 12-month returns are positive and sells them otherwise can
achieve an impressive risk-adjusted return. Other researchers have also investigated
this phenomenon on a broader range of asset classes with extended sample periods
and observed similar results (Georgopoulou and G. J. Wang, 2016; Levine and Peder-
sen, 2016; Hurst, Ooi, and Pedersen, 2017). Another critical aspect of the time-series
momentum strategy is volatility scaling to target a constant volatility exposure. This
involves leveraging exposure during low volatility periods and scaling back exposure
during high volatility periods. This mechanism may reduce the probability of extreme
losses by limiting the tail risk of extreme returns. Without such risk adjustments, mo-
mentum strategies are susceptible to large crashes during periods of market stress (Bar-
roso and Santa-Clara, 2015; Daniel and T. J. Moskowitz, 2016). Furthermore, A. Baltas
and Kosowski, 2012 show that the efficacy of the volatility estimator can improve the
performance of time-series momentum strategies.

3.1.1 Literature Review

The application of deep learning in finance is not new (F. E. Tay and Lijuan Cao, 2001;
L.J. Cao and F. Tay, 2003; K.-J. Kim, 2003; Sapankevych and Sankar, 2009; Nunes et
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al., 2019; Law and Shawe-Taylor, 2017; Aboussalah and C.-G. Lee, 2020; Yu, Wynter,
and S. H. Lim, 2022; Zou and Herremans, 2023). Zihao Zhang, Zohren, and Roberts,
2020 proposes a deep learning approach to directly optimize the portfolio Sharpe ra-
tio without requiring the expected return forecast. In addition, the authors utilize
exchange-traded funds (ETFs) of market indices instead of individual assets to form
a portfolio. Within the realm of momentum portfolio, B. Lim, Zohren, and Roberts,
2019 introduce a new trading strategy for time series momentum using deep learning
techniques called Deep Momentum Networks (DMN). This approach combines deep
learning-based trading rules with the volatility scaling framework of time series mo-
mentum to learn trend estimation and position sizing in a data-driven manner. The
authors optimize the Sharpe ratio of the signal and backtest it on a portfolio of 88 con-
tinuous futures contracts. More recently, Wood et al., 2021 introduce the Momentum
Transformer, an attention-based deep-learning architecture (Vaswani et al., 2017) that
outperforms benchmark time-series momentum strategies. Unlike LSTM architectures,
the Momentum Transformer uses an attention mechanism to learn longer-term depen-
dencies, adapt to new market regimes, and capture concurrent regimes at different
timescales.

In today’s context, the return-generating and risk-management functions are typi-
cally separate entities. As a result, the portfolio construction process may need more
oversight with adequate risk management before live implementation (Harvey, Rat-
tray, and Hemert, 2021). In addition, much of the existing research on deep learning for
portfolio construction focuses on maximizing the Sharpe ratio as an objective function.
A yet unexplored type of type of deep learning in this context is Multi-task learning
(MTL). Multi-task learning (MTL) involves training a neural network to learn multiple
tasks (related to one another) jointly rather than independently to improve the model’s
generalizability (Caruana, 1997; Sebastian Thrun, 1998; Ruder, 2017). This technique
has become increasingly important due to its relevance in many applications, ranging
from Computer vision, Natural Language Processing, to Speech Recognition (Collobert
and Weston, 2008; Bingel and Segaard, 2017; Anastasopoulos and Chiang, 2018). For
example, when performing visual scene understanding in the field of Computer Vi-
sion, a model needs to understand both the scene’s geometry and its semantics simul-
taneously. Not surprisingly, researchers showed that the MTL approach outperforms
models trained individually on each task (Cipolla, Gal, and Kendall, 2018). Ghosn and
Bengio (1996) first used MTL to train a model to predict the future returns of multiple
stocks simultaneously. However, the authors found significantly better results when
some or all of the parameters of the stock models are not shared. Since then, much
more research has been done on multi-task learning in finance, but much of this is fo-
cused on forecasting forward returns, ranking assets and not portfolio construction (T.
Ma and Y. Tan, 2022; Y. Kang et al., 2022; Yuan et al., 2023).

To address the research gaps mentioned above and inspired by recent progress in
MTL, we propose constructing a time-series momentum portfolio through multi-task
learning where tasks related to returns and risk are jointly learned. Our suggested
approach envisions a union between the return-generating and risk-management pro-
cesses. In this case, our auxiliary tasks, which focus on predicting multiple types of
forward-looking volatility, allow the model to learn the shared representation of the
assets’ forward-looking risk relevant to the main tasks of portfolio construction. For
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instance, with a forward-looking view of the risk of an asset, we can size the asset’s po-
sition more adequately. This approach can help capture complex interactions between
investment objectives, such as risk and return trade-offs.

3.1.2 Owur Contributions

We demonstrate that using a multi-task deep neural architecture to learn portfolio con-
struction and auxiliary tasks simultaneously improves the performance of time-series
momentum strategies, thus making our approach more effective than existing TSMOM
strategies. In addition, compared to the existing time-series momentum approach, our
proposed approach circumvents the need to specify the momentum and position sizing
rule explicitly. Our main contributions are: i.) A novel multi-task deep learning-based
framework that results in improved time-series momentum portfolios, ii.) the first im-
plementation and study of multi-task learning in the context of portfolio construction,
and iii.) extensive experimental analysis to understand the performance trade-offs re-
sulting from using different volatility-related auxiliary tasks.

3.2 Classical Time-Series Momentum Strategy

One of the most influential ideas in the finance literature is the Efficient Market Hy-
pothesis (EMH) (Fama, 1970). In the most general sense, the EMH implies that any
predictable pattern will eventually cease to exists as market participants increasingly
act upon it. Unfortunately, the EHM fails to explain many of the persistent market
anomalies documented by researchers (Jegadeesh and Titman, 1993; Kishore et al.,
2008; T. J. Moskowitz, Ooi, and Pedersen, 2012; Rossi, 2015). One such market anomaly
is cross-sectional momentum, whereby assets that recently outperformed their peers
(over the past 3 to 12 months) will continue to outperform them on average over the
next month (Jegadeesh and Titman, 1993). Since the study by Jegadeesh and Titman
(1993) was published, a growing body of research suggests that the performance of
portfolios constructed using cross-sectional momentum is robust across asset classes,
markets, and periods (Jegadeesh and Titman, 2001; Asness et al., 2014; Geczy and Sa-
monov, 2016).

In contrast to traditional work on momentum, T. J. Moskowitz, Ooi, and Peder-
sen (2012) discovered another form of momentum: time-series momentum (TSMOM),
whereby there is strong predictability from an asset’s past performance. Specifically,
they found that the past 12-months’ excess return of an asset is a positive predictor of
its future returns. Following T. J. Moskowitz, Ooi, and Pedersen (2012), we can express

TSM

the realized returns r, /- OMi for period ¢ to ¢ 4 1 of a single asset i, for the TSMOM

strategy as follows:

TSMOM, i i Otgt
Tiitl | = 59”(%-252,t)77”t,t+1 (3.1)
t
-1 ifz <0,
sgn(z) :=<0 ifz =0, (3.2)

1 ifx>0.
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where 7}_y5, , is the previous one year return of asset i, r; ,, ; is the one day return of the
asset i, oyt is the annualized target volatility, and o} is the ex-ante volatility of asset i
estimated using the standard deviation of returns with exponentially decaying weights
and a span of 60 days. In Equation (3.1), the size of the trade is determined by o4 /0?.
Sizing the position in such a manner results in more volatile assets having a lower
weight than their less volatile counterparts. A final (full) portfolio can be constructed
using a TSMOM strategy by taking the average return series of the individual volatility
scaled strategies where rtT7 SMOM is the realised return of the portfolio strategy from day
ttot+ 1and S; is the total number of assets in the portfolio in period ¢, as per the
equation below:

1 :
TSMOM __ TSMOM, i (33)

T = T
t,t+1 t,t+1
St i—1

3.3 Multi-Task Time-Series Momentum Strategy

In this work, we propose a deep-MTL architecture with hard parameter sharing, which
includes two types of tasks: the main task and the auxiliary tasks. The main task of
the proposed model is constructing a time-series momentum portfolio. The auxiliary
tasks, on the other hand, are included to enhance the model’s shared representation
and allow the model to better generalize, which in turn will aid the main task. In
our proposed architecture (Figure 3.2), the inputs are encoded using Long Short-Term
Memory (LSTM) (Hochreiter and Schmidhuber, 1997) layers which serve as the shared
layers, after which the network branches out into task-specific feedforward networks.
In Section 3.4, we describe the details of the architecture’s implementation as well as
the hyperparameters tuning process.

3.3.1 Multi-Task Learning

Multi-task learning (MTL) constitutes a paradigm within machine learning whereby
multiple related tasks are learned simultaneously using a shared representation. This
approach leverages commonalities and differences across tasks, leading to better gener-
alization and efficiency than learning each task independently. In their seminal work, Caru-
ana, 1997 introduced the concept of utilizing shared hidden layers to enhance general-
ization across related tasks. This approach, known as multi-task learning (MTL), lever-
ages the relationships between tasks to learn inductive biases, thereby improving per-
formance on each individual task. Since then, numerous architectural frameworks and
methods have been developed to implement MTL effectively, further demonstrating
its potential across a wide range of applications. Hard parameter sharing is the most
common approach, where the lower layers of the network are shared among all tasks,
and task-specific layers are added on top. This approach reduces the risk of overfitting
and the number of parameters (Ruder, 2017). In contrast, soft parameter sharing in-
volves each task having a network with its parameters. However, regularization terms
are added to encourage the parameters of the different models to be similar (Duong
etal., 2015).
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FIGURE 3.1: (a) Hard Parameter Sharing: Shared layers feed into task-
specific layers, reducing overfitting and parameter count by having tasks
share lower layers. (b) Soft Parameter Sharing: Each task has its own
input and output layers, with constrained layers promoting shared pa-
rameters through regularization, allowing for task-specific adjustments.

- Output Layer

Layer

In natural language processing (NLP), MTL has been used for tasks such as part-
of-speech tagging, chunking, and named entity recognition (Collobert, Weston, et al.,
2011). In computer vision, MTL is used for tasks like object detection, segmentation,
and depth estimation. Cipolla, Gal, and Kendall, 2018 showed that MTL can improve
the performance of these tasks by learning shared representations. In time series fore-
casting, MTL has been applied to improve the prediction of multiple related time series.
The work by B. Lim, Arik, et al., 2021 on Temporal Fusion Transformers demonstrated
the effectiveness of MTL in handling multivariate time series with different forecasting
horizons.

Despite its success, MTL faces several challenges. Task imbalance is a significant
issue, as different tasks may have different amounts of data and complexity, leading to
imbalance issues that can affect model performance. Solutions like dynamic weighting
of task losses have been proposed to address this (Cipolla, Gal, and Kendall, 2018). An-
other challenge is negative transfer, where tasks are not sufficiently related, and sharing
representations can lead to deteriorating performance on one or more tasks. Identify-
ing and mitigating negative transfer remains an active area of research (Lakkapragada
et al., 2023). In conclusion, MTL continues to be a promising approach for leverag-
ing the relationships between related tasks to improve learning efficiency and perfor-
mance. Advances in architectural design and optimization techniques have expanded
its applicability across various domains. Future research should focus on addressing
the challenges of task imbalance, negative transfer, and model interpretability to fully
realize MTL’s potential.
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3.3.2 Main Task: portfolio construction

As per Equation (3.1), the two key variables for building a traditional time-series mo-
mentum portfolio are the momentum signal used to identify trends and the volatil-
ity estimator used in position sizing. These are represented by the terms sgn(r§7252’t)
and o} respectively. The product of the time-series momentum signal and the inverse
ex-ante volatility for a particular asset will yield its resulting weight in the portfolio.
Instead of explicitly defining time-series momentum signals and volatility estimators
independently as proposed by T. J. Moskowitz, Ooi, and Pedersen (2012), we param-
eterize both of these terms and predict them directly using our proposed multi-task
architecture, so as to learn both the trend and position sizing simultaneously. We can
express the realized returns 7, ,; of our proposed MTL method as follows:

| { LSTM Layers ]

L

1D Return l'ru.lhlﬂl’lﬂ’blu I‘Fh*h l FEN At
21D Return l"u'l“'ﬂl’lﬂ!ilm"’hw _4 FFN Aux 2 = a,
H _{ FFN Aux 3 A
¢ —{ FFN Aux 4
126D Vol of Vol li,un'wl’lﬂ’i'F FFLAW
| | 4 FFN Aux 5
252D Vol of Vol l"“.l‘lr‘wl’lﬂﬂim‘“hw
* FFN Main
Number
of Assets
in Portfolio

FIGURE 3.2: The architecture consists of Long-Short Term Memory
(LSTM) modules which serve as the shared layers. In these layers, the
network parameters are shared across the various task-specific layers.
Each task-specific layer is a feedforward network (FNN) layer, whereby
each FNN learns a set of parameters optimized to their respective task.
In Section 3.4.2, we discussed the features used as input to our model in
more detail. In this section we will describe the output of each FNN.
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a St
P _ Ytgt i i
Tiir1 = S, Zwtfl,t Ttt+1 (3.4)
i=1

where w]_, ; is the output of the task-specific layer (for the main task) at time ¢ for
asset 7 in our proposed model and represents the weight allocated to that asset 7 in our
portfolio. Regular re-balancing is typically required to manage the changing risk profile
of each asset i n any portfolio. Too many trades, however, could also hurt performance.
To ensure that our model considers this and is thus suitable for live implementation, we
embedded transaction costs into Equation (3.4) to obtain Equation (3.5) to calculate the
realized returns more accurately. Here, 7 is the transaction cost (set as 3 basis points
(bps)), and |wj_; ; — wj_,, ;| is the change in weight of asset s in the portfolio from
time ¢ to time ¢ + 1.

St
Otgt . . . .
Tf,tﬂ = ?!Z Z Wiy Thp1 — TIWE_ 14 — Wigy 1] (3.5)
i=1
Since our primary objective when developing the multi-task model is to construct
a portfolio with better risk-adjusted performance, we employ the Sharpe ratio (Sharpe,
1994), as per Equation (3.6), as the loss function that is minimized during the training
of our neural network model.

E[r?]

Orp

LSharpe Ratio — — (3.6)
where E[r?] and o,» are the mean and standard deviation of the portfolio’s realised
returns, respectively.

Unlike existing mean-variance approaches to portfolio construction (Markowitz,
1952; Black and Litterman, 1992; Chekhlov, Uryasev, and ZABARANKIN, 2005; Estrada,
2007), where forward-looking excess returns are required, our approach circumvents
the need for this forecasting and obtains the asset allocations directly by optimizing the
Sharpe ratio. As a result, we do not have to deal with instability caused by estimation
errors when predicting excess returns (Black and Litterman, 1992; Clarke, H. d. Silva,
and Thorley, 2002; DeMiguel, Garlappi, and Uppal, 2007) in our portfolio construction
process.

In addition, having an optimized end-to-end model is extremely attractive as it cir-
cumvents the need to specify the time-series momentum signals and volatility estima-
tor independently. Furthermore, using ex-ante volatility to scale the positions in the
portfolio, as is the case for TSMOM, has its shortcomings. For example, the ex-post
volatility of a time-series momentum portfolio could differ from the target volatility
because the ex-ante volatility estimates are prone to estimation errors. Moreover, the
volatility of the assets can change drastically during the holding period. These limita-
tions may give rise to unnecessary turnover, reducing the performance after accounting
for transaction costs (Baz et al., 2015).
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3.3.3 Auxiliary Tasks

In the context of multi-task learning, the purpose of these auxiliary tasks is to enable
the model to learn a shared representation that contains relevant information which
may improve the performance of the main task (Baxter, 2000; Ruder, 2017; Liebel and
Korner, 2018). As found by A. Baltas and Kosowski, 2012, the efficacy of the volatility
estimator used to perform volatility scaling can significantly impact the performance of
time-series momentum strategies. Hence, we study five auxiliary tasks for forecasting
each asset’s 21-days forward-volatility as defined by the:

1. Close-to-close volatility estimator, .
Parkinson volatility estimator, o, (Parkinson, 1980)
Garman-Klass volatility estimator, o4, (Garman and Klass, 1980)

Rogers-Satchell volatility estimator, o,; (Rogers and Satchell, 1991)

AR

Yang-Zhang volatility estimator, o, (D. Yang and Q. Zhang, 2000)

By adding these auxiliary tasks, we aim to induce forward-looking volatility in-
formation into the shared representation, thus allowing the main task-specific layers
to construct a better risk-adjusted time-series momentum portfolio. This is confirmed
in the experiment in Section 3.5. As our training loss function for the auxiliary task-
specific layers, we minimize the negative correlation between the predicted and the
realized volatility:

Sy,z}

Lcorr(y,gj) = _Sy ) S@ (3-7)

where y is the predicted volatility, g is the realized volatility, S, ; is the covariance of y
and gy, which is calculated as S, ; = ﬁ Yo (yi — §)(9; — y) where n is the number of
samples and S, and S; is the standard deviation of y and 7, respectively.

3.3.4 Loss function

Putting it all together, the final loss function of our model, which we minimize during
training, can be written as Equation (3.8). Here, the loss for the main task L4, is
the negative Sharpe ratio, and the loss for the H auxiliary tasks L, » is the negative
correlation between the predicted volatility and realized volatility. Finally, z and X are
the weights assigned to each of the tasks’ loss, which are in the range of [0, 1] with
i+ A = 1. Simply put, we perform a weighted linear sum of the losses for each task,
where ¢ = 0.5 and A = 0.5. Here, H is the set of five auxiliary tasks that include
forecasting volatility defined by the different volatility estimators discussed above.
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Orp heH Yn * ngh

3.4 Experimental Setup

3.4.1 Dataset

Individual futures contracts have expiry dates and variable liquidity. As a result, they
are unsuitable for analyzing long-term trends. Instead, we evaluate our proposed
model on the Stevens Continuous Futures data feed (Stevens Analytics, 2020) obtained
through Nasdaq Data Link from January 1990 to December 2020. This data feed has
a daily frequency and more than 20 years of historical data. The Steven Continuous
Futures data feed provides a long-term continuous price history for 78 of the most
popular US and international futures contracts from various asset classes, including
commodities, currencies, fixed income, and equity indexes futures. In particular, we
use the continuous contract history of each asset spliced together using end-to-end
concatenation with the prices adjusted using the backward-ratio method.

3.4.2 Feature Set

We derive a set of time-series momentum features from the daily settled price of the
continuous futures by taking the log returns (TL d,t) over the past 1 trading day, 21
trading days, 63 trading days, 126 trading days, and finally 252 trading days:

(3.9)

where 7! 4 1s the natural logarithm of the d-day return of asset ¢ at day ¢, P} is the
settled price of asset i at time ¢ and P}, is the settled price of asset i, d trading days
ago at time t. We also constructed features that would allow the proposed model to
capture various asset risk dimensions:

1. Realized volatility RV}’ ,, over the past 5 trading days, 21 trading days, 63 trading
days, 126 trading days, and finally 252 trading days. The realized volatility of an
asset 7 is given by Equation 3.10.

- 252 &
R‘/;fl—n,t = W Z(Tifn,tfnJrl)z (310)

n=1

where RV}, is the realized volatility of asset i at time . The constant 252 rep-
resents the approximate number of trading days in a year, NV is the number of
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trading days in the measurement time frame, rj_,, , ,,,, is the log daily return of
asset 7 at time ¢ — n.

2. Realized volatility of realized volatility (vol of vol) is obtained by applying the
same formula used for calculating the realized volatility on the realized volatility
itself. When applying the formula the second time, however, we always calculate
it on a 21 trading day basis, regardless of the time frame of the realized volatility.

There are two reasons why we created the features as such. First, to retain the spirit
of time-series momentum, we only use features similar to those used in constructing a
time-series momentum portfolio (T. J. Moskowitz, Ooi, and Pedersen, 2012). Second,
and most importantly, we do not want the feature engineering to drive the performance
of the portfolios, but rather the model’s multi-task architecture should be delivering the
performance.

Given that these features have varying scales, before using them as inputs to our
model, we apply z-score standardization with a sliding window of length 21 to our
features. In this case, a sliding window z-score is preferred over a static z-score because
financial time-series data are non-stationary.

3.4.3 Benchmark Models

We have constructed a number of portfolios to serve as the reference benchmarks for
our proposed model’s performance.

1. TSMOM is the time-series momentum portfolio by T. J. Moskowitz, Ooi, and Ped-
ersen (2012), whereby assets are bought or sold based on the assets” previous 12
months return. This portfolio is re-balanced daily.

2. CTA-MOM is the Commodity Trading Advisor (CTA)-momentum signal based
on the cross-over of exponentially weighted moving averages as proposed by
Baz et al. (2015). This portfolio is re-balanced daily.

The volatility target, otg; for TSMOM and CTA-MOM was chosen such that the aver-
age return across all assets in the portfolios would have approximately 10% annualized
volatility from January 2000 to December 2020.

3.4.4 Backtest Specifications

In the backtest results presented in the next section, our proposed model was trained
from scratch every year using an expanding window cross-validation approach as
shown in Figure 3.3, with 20% of the training data kept as a validation set. After train-
ing, we used the models to generate the portfolio on the test set, with each test set
containing a year’s worth of out-of-sample results. Then, using data from January 1990
to December 2020, we repeated this expanding window out-of-sample generation 21
times, resulting in an out-of-sample backtest from January 2000 to December 2020.
Throughout the backtest, we trained our model on the training data. During train-
ing, the loss functions (both the negative Sharpe loss function for the main-task and
negative correlation for the auxiliary tasks) are minimized using Stochastic Gradient
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FIGURE 3.3: Expanding window cross-validation.

Parameters Values
Number of LSTM Layers 1,2,3,4
LSTM Number of Hidden Units 32,64,126,252
LSTM Dropout Rate 0.05, 0.10, 0.15, 0.20
Number of MLP Layers 1,2,3,4
MLP Number of Hidden Units 32,64,126,252
MLP Dropout Rate 0.05, 0.10, 0.15, 0.20
Learning Rate 0.0001, 0.001, 0.01, 0.1
Max Gradient Norm 0.01, 0.1, 0.

TABLE 3.1: Hyperparameter Search Space.

Descent (5GD) with the Adam optimizer and a learning rate set at 0.0001. Finally, the
validation set was used to perform a grid search in order to find the best hyperparam-
eters within the parameter search space shown in Table 3.1. The model training will
terminate when it reaches 200 epochs. In addition, we implemented early stopping,
which terminates training before the 200 epochs are reached when there is no longer
an increase in the validation loss (on the validation set) for 25 epochs. Since we took an
expanding window out-of-sample strategy to train and validate our model, the final
training batch, which uses data from January 1990 to December 2019, took approxi-
mately 2 hours to train using a machine with NVIDIA GeForce RTX 2060 installed.
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3.5 Experiment results and analysis

3.5.1 Performance Evaluation

We compute the backtest metrics for all of the portfolios by aggregating the out-of-
sample results from January 2000 to December 2020. We then derive the net backtest-
ing metrics by assuming a transaction cost of 3 basis points (bps). During our backtest,
we applied volatility scaling to all portfolios, bringing the volatility to a target of 10%.
This rescaling also helps to enable comparisons between the cumulative returns of dif-
ferent strategies. In Table 3.2, the returns of our proposed strategy, which we refer to
as MTL-TSMOM, outperforms both TSMOM and CTA-MOM by 236 bps and 624 bps,
respectively, over the 20 year test period.

TSMOM CTA-MOM MTL-TSMOM

Annualized Return (%) 5.54 1.66 7.90
Annualized Sharpe Ratio 0.59 0.21 0.81
Annualized Sortino Ratio 0.83 0.31 1.20
Return Over Max Drawdown 0.28 0.04 0.38
Max Drawdown (%) -19.88 -41.63 -21.00
Max Drawdown Period 432 3066 103
Max Drawdown Recovery Period 385 N.A. 42
Proportion of Positive Returns (%) 53.44 51.44 51.62

TABLE 3.2: Backtest metrics (net) from January 2000 to December 2020.
Transaction costs were set at 3 bps. All portfolios have been rescaled to
target 10% annualized volatility.

The maximum drawdown is a strategy’s maximum loss from peak to trough over a
given investment period. Drawdown presents a significant risk to investors when con-
sidering the uptick in returns needed to overcome a drawdown. For instance, if a strat-
egy losses 50%, it requires a 100% increase to recover to the former peak. Throughout
the backtest, our proposed model’s maximum drawdown is -21%, significantly better
than the CTA-MOM strategy, which has a -41.63% maximum drawdown but slightly
worse than the TSMOM strategy, a maximum drawdown of -19.88%. However, when
considering the strategy’s return divided by the maximum drawdown, our proposed
model performs better with a score of 0.38. In contrast, the TSMOM and CTA-MOM
benchmark models obtained a score of 0.28 and 0.04, respectively. In addition to a low
drawdown magnitude, investors also typically prefer a portfolio with a lower recovery
time. Hence, the drawdown duration is another critical dimension of analyzing a trad-
ing strategy’s risk. This work presents two metrics to assess our proposed and bench-
mark models. First, the Max Drawdown Period is the total time (in trading days) that
has elapsed from the start to the end of the most significant drawdown. Secondly, the
Max Drawdown Recovery Period represents the time taken in trading days by the strat-
egy (if recovered), from the largest drawdown to recovery. In Table 3.1, our proposed
model performs better than the benchmark models in terms of the Max Drawdown
Period and Max Drawdown Recovery Period. Our proposed model began its largest
drawdown period on 5 May 2006 and hit its max drawdown of -21% on 2 October
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FIGURE 3.4: (Top) The plot shows our proposed model performance
(dark blue) against the benchmark models over the test set period Jan-
uary 2000 to December 2020. At inception, we invested $100 in each
strategy, and the terminal value indicates how much our initial invest-
ment would be worth at the end of December 2020. All strategies were
re-scaled to 10% volatility. (Bottom) The plot shows the drawdown of
our proposed model against the benchmark models during the same pe-
riod. Drawdown refers to the decline in the value of a portfolio from a
previous peak value to the largest subsequent trough.
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2006. Subsequently, it took only 42 trading days to recover from its biggest drawdown.
In comparison, TSMOM hit its maximum drawdown of -19.9% on 28 December 2012
and took 385 trading days before making new highs, while CTA-TSMOM did not re-
cover from its maximum drawdown in the backtest period. Although our proposed
model did not fare better than TSMOM in terms of the magnitude of the drawdown,
the lower drawdown recovery periods and higher annualized return present itself as a
more attractive portfolio.

3.5.2 Ablation Study

Our proposed Multi-Task TSMOM model is trained with several auxiliary tasks. In this
section, we perform an ablation study to investigate the effects of training the portfolio
construction tasks with different auxiliary tasks.

Aux. task Ann. Return (%) Sharpe Ratio Sortino Ratio Max Drawdown (%)
None 6.63 0.69 1.02 -36.54
Close-to-close 6.85 0.71 1.05 -21.30
Parkinson 4.61 0.50 0.74 -38.20
Garman Klas 6.67 0.70 1.03 -34.82
Rogers-Satchell 5.32 0.57 0.85 -18.69
Yang-Zhang 7.03 0.73 1.08 -25.66
MTL-TSMOM (All) 7.90 0.81 1.20 -21.00

TABLE 3.3: Backtest metrics (net) from January 2000 to December 2020

when training our model with the main task (portfolio construction)

with various single auxiliary tasks (all different types of volatility fore-

casts), as well as a full model with all auxiliary tasks and one without

any auxiliary tasks. The transaction costs were set at 3 bps. All portfo-
lios have been rescaled to target 10% annualized volatility.

Table 3.3 shows the risk-adjusted performance of the various portfolios constructed
by models without any auxiliary task, with a single auxiliary task, and with all auxiliary
tasks (MTL-TSMOM). The table allows us to compare the full proposed MTL-TSMOM
to a model trained without any auxiliary tasks. The former MTL-TSMOM outperforms
the latter by 127 bps and incurred a much lower max drawdown (-21%). This better
performance when using all auxiliary tasks is also apparent when comparing the full
MTL-TSMOM to models where the portfolio construction task was co-trained with a
single auxiliary task. This confirms the advantage of co-training the portfolio construc-
tion task with many auxiliary tasks in an MTL setting. We also note, however, that not
all auxiliary tasks, when trained jointly with the portfolio construction task, results in
better performance. These observations highlight the intricacies of task selection for
portfolio construction in an MTL setting, and confirm that our proposed model with
all five auxiliary tasks largely achieves the best performance.

3.5.3 Long-term Correlation with Equities Index

It is widely known that the Time-Series Momentum Strategy (TSMOM) and Trend fol-
lowing strategies, such as CTA-MOM, exhibit negative downside correlation to equity
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markets (Hurst, Ooi, and Pedersen, 2017), providing the potential to perform well dur-
ing periods of sustained stress in global equity markets. In this section, we show that
our proposed model exhibits similar characteristics while attaining a lower long-term
correlation to equity markets. We have selected the US MSCI Index as the equity in-
dex benchmark for our analysis. The US MSCI Index measures the performance of the
large and mid-cap segments of the US market. It contains 626 constituents and covers
approximately 85% of the free float-adjusted market capitalization in the US. Instead
of using the US MSCI Price Return Index for our analysis, we used the Total Return
Index. The total return index accounts for activity associated with dividends, interest,
rights offerings, and other distributions realized over a given period. As a result, the
US MSCI Total Return Index is a better representation of the index’s actual growth over
time. Using the Bloomberg Terminal, we obtained the US MSCI Total Return Index data
from January 2000 to December 2020.

In Figure 3.5b, we plot the 252-day rolling correlation of the results generated by
our proposed model in Section 3.5.1 as well as the two benchmark portfolios returns
with the US MSCI Total Return Index, which measures the performance of the large
and mid cap segments of the US market. From the figure, it can be observed that there
are some crucial times when the negative correlation between all three models and
the US MSCI Total Return Index coincides with periods of sustained negative equity
performance. For example, we observe a dip in the 252-trading days rolling correla-
tion, which becomes highly negative during periods of financial market stress, such
as the Global Financial Crisis of 2008-2009 (Wood et al., 2022) and, more recently, the
Coronavirus Crash of 2020 (Mazur, Dang, and Vega, 2021). The longest bull market
on record post-global financial crisis began in March 2009 and lasted nearly 11 years
until the COVID-19 pandemic brought it to a close. We observed a relatively higher
correlation between the benchmark models and US MSCI Total Return Index during
this period. Interestingly, our proposed models maintain a relatively low correlation
to the US MSCI Total Return Index throughout our backtesting period, ranging from
-0.24 to 0.28 as compared to the benchmark models, where the 252-trading days rolling
correlation is in the more extreme range of -0.77 to 0.81. The low long-term correla-
tion with equities makes our proposed model extremely attractive for asset allocators
looking for an alternative source of return that has a low correlation with the standard
60/40 portfolio (Robinson and Langley, 2017; Graham, 2020).

To further substantiate the diversification benefits of our proposed model, we picked
two well-known market stress events to observe how our proposed and benchmark
models perform: the Global Financial Crisis (GFC) of 2008, which began in early Octo-
ber 2007 before bottoming in March 2009, and more recently, the Coronavirus Crash of
2020, which began in mid-February 2020 and ended in early April 2020. In Figure 3.6,
we plot the cumulative return of our proposed strategy, two benchmark strategies, and
the equity index during the GFC and Coronavirus Crash. During both of these periods
of extreme market stress, our proposed and the benchmark models significantly out-
performed the US MSCI Total Return Index, with our proposed model outperforming
the US MSCI Total Return Index by 57% and 34.4% in the GFC and Coronavirus Crash
of 2020, respectively.
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3.6 Conclusion

We propose a multi-task learning time-series momentum model (MTL-TSM), which is
a novel portfolio optimization method based on deep multi-task learning. In the MTL
setting, our model jointly learns portfolio construction and various auxiliary tasks re-
lated to volatility, such as forecasting realized volatility. Our model was implemented
in Python with PyTorch, the full source code of the model is available online!. In a
thorough experiment, after accounting for transaction costs of up to 3 basis points,
we demonstrate that our proposed approach consistently outperforms all benchmarks
in risk-adjusted return, achieving an out-of-sample annualized return of 7.90% for
the period of 1st January 2000 to 31st December 2020. Furthermore, our extensive
experiments also show that the proposed MTL-TSMOM outperforms existing multi-
task benchmarks in constructing a better risk-adjusted portfolio. Lastly, our proposed
model shows a low correlation to the US MSCI Total Return Index’s returns, thus pre-
senting itself as an extremely attractive diversifier to existing stocks and bonds portfo-
lios. Future research directions include identifying additional auxiliary tasks to con-
struct a time-series momentum portfolio with better overall performance. In addi-
tion, it would be of interest to explore dynamic task weighting instead of static task
weighting. Finally, it would be interesting to quantify the relationship between portfo-
lio construction and other auxiliary tasks. In particular, how valuable they may be for
multi-task representation learning in portfolio construction.

https://github.com/joelow]/mt1l-tsmom
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Chapter 4

Optimising Multi-Timeframe
Momentum Portfolio via Multi-Task
Learning with Multi-Gate Mixture
of Experts

4.1 Introduction

Recognizing that financial markets operate across multiple time horizons, with op-
portunities and risks manifesting differently over short, medium, and long terms, we
sought to develop a portfolio optimization approach that could effectively capture this
complexity. This led us to adapt the multi-task learning framework, traditionally used
for learning related tasks simultaneously, to address the unique challenges of multi-
horizon portfolio optimization. By leveraging this framework, we were able to design
a model that not only predicts and responds to momentum across different time frames
but also seamlessly integrates these insights into a unified portfolio strategy. This adap-
tation allows the model to dynamically adjust to varying market conditions, optimiz-
ing the portfolio’s performance across multiple horizons in a cohesive and end-to-end
manner.

Time-series momentum (TSMOM) strategies are a systematic approach in finance
that leverages the persistence of asset returns over time. These strategies aim to exploit
the continuation of underlying trends by establishing long positions during uptrends
and short positions during downtrends (Jegadeesh and Titman, 1993; Jegadeesh and
Titman, 2001). The concept of momentum has garnered extensive attention in financial
literature, underscoring its importance. Research by (T. J. Moskowitz, Ooi, and Peder-
sen, 2012) highlights the effectiveness of TSMOM, showcasing impressive risk-adjusted
returns by simply buying assets with positive past 12-month returns. Further studies
across various asset classes corroborate these findings, emphasizing the robustness of
TSMOM strategies Georgopoulou and G. J. Wang, 2016; Levine and Pedersen, 2016;
Hurst, Ooi, and Pedersen, 2017; Malitskaia, 2020. At the core of TSMOM strategies
is volatility scaling, a crucial method for managing exposure to market volatility (A.
Baltas and Kosowski, 2012). Through adjustments in exposure levels during periods
of low and high volatility, TSMOM strategies effectively mitigate the risk of signifi-
cant losses during market turbulence (Harvey, Hoyle, et al., 2020). This approach has
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proven invaluable in enhancing Sharpe ratios, curbing extreme tail returns, and limit-
ing maximum drawdowns in portfolios of risky assets (Barroso and Santa-Clara, 2015;
Daniel and T. . Moskowitz, 2016; Ong and Herremans, 2023).

However, TSMOM strategies often fail to account for the interactions between dif-
ferent assets within a portfolio (Nilsson, 2015; Pu et al., 2023). This oversight can lead
to excessive risk exposure, as these strategies treat each asset in isolation without con-
sidering how they correlate and interact. For example, the simultaneous momentum
trends in equities, commodities, and currencies can amplify overall portfolio risk if not
managed cohesively. Overlooking these interactions can diminish diversification ben-
efits and increase the likelihood of significant drawdowns during market turbulence.

Moreover, various asset classes, and even individual assets within those classes, ex-
hibit distinct momentum dynamics with differing trend speeds. This variation makes
risk allocation challenging, as applying a one-size-fits-all approach to trend speed can
result in less-than-ideal investment outcomes (Levine and Pedersen, 2016; Duan, 2023).
To address this, some practitioners implement multiple TSMOM portfolios, each tai-
lored to a specific trend speed, and distribute capital among them (Tzotchev, 2018;
Zambrano and Rizzolo, 2022; Goulding, Harvey, and Mazzoleni, 2023). Nevertheless,
this approach can still result in inefficient capital distribution, indicating a need for
more refined methods that can adeptly navigate the varying momentum speeds of dif-
ferent assets and asset classes for more effective capital allocation.

4.1.1 Literature Review

Research in deep learning in finance is well-established, with numerous studies lever-
aging these techniques to enhance prediction accuracy, portfolio optimization, and
risk assessment. (Y. Zhao and G. Yang, 2023) introduce a hybrid model, SA-DLSTM,
combining emotion-enhanced convolutional neural networks (ECNN), denoising au-
toencoders (DAE), and long short-term memory (LSTM) models to predict stock price
movements by analyzing sentiment from user-generated comments. (J. Wang, Haipeng
Zhang, and Luo, 2022) propose a portfolio construction model integrating the KMV
model with a multiobjective water cycle algorithm, enhancing portfolio evaluation and
stability by incorporating financial data from listed companies. (Min et al., 2021) ad-
dress conservatism in worst-case robust portfolio optimization by suggesting hybrid
models that use LSTM and XGBoost to forecast market movements and generate hyper-
parameters for modeling. (Lin et al., 2022) develop a multiagent-based deep reinforce-
ment learning framework for portfolio management, featuring a two-level nested agent
structure and a custom reward function to optimize trading decisions and risk trans-
fer behaviors. Lastly, (Ozbayoglu, Gudelek, and Sezer, 2020) provide a comprehensive
survey of deep learning applications in finance, categorizing models and identifying
future research opportunities. These studies collectively demonstrate advancements in
applying deep learning to financial applications, highlighting the potential for inno-
vative techniques to improve financial model robustness and performance. However,
none of these studies specifically focus on momentum portfolio construction.

T. J. Moskowitz, Ooi, and Pedersen, 2012 introduced the concept of time-series mo-
mentum (TSMOM), demonstrating that the excess returns of an asset over the past
12 months strongly predict its future performance. Since introducing this concept, it
has become a conventional practice for practitioners to implement momentum-based
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portfolios (Asness et al., 2014; Hurst, Ooi, and Pedersen, 2017; N. Baltas and Robert
Kosowski, 2021). In recent years, the use of deep learning approaches in portfolio con-
struction has gained increasing popularity (B. Lim, Zohren, and Roberts, 2019; Zihao
Zhang, Zohren, and Roberts, 2020; Y. Kang et al., 2022; Yu, Wynter, and S. H. Lim,
2022; Pu et al., 2023; Yuan et al., 2023). More notably, in the space of deep learning for
portfolio construction, Wood et al., 2022 proposed deep-learning architecture that im-
proves upon traditional time-series momentum and mean-reversion strategies. With
multiple attention heads (Vaswani et al., 2017), it tracks diverse market regimes across
timescales and offers interpretability by highlighting influential factors and key time
steps, refining trading strategies. The attention mechanism helps to enhance learning
of long-term dependencies and adaptability to new market conditions like the SARS-
CoV-2 crisis. Ong and Herremans, 2023 first proposed the application of deep multi-
task learning (MTL) in momentum portfolio construction, which incorporates auxiliary
tasks related explicitly to volatility forecasting (Parkinson, 1980; Garman and Klass,
1980; Rogers and Satchell, 1991; D. Yang and Q. Zhang, 2000). The findings high-
lighted that a comprehensive MTL framework, encompassing all proposed auxiliary
tasks, not only enhances the risk-adjusted performance of portfolios but also notably
reduces maximum drawdowns compared to deep learning models without auxiliary
tasks or those with a single auxiliary task. This approach underscores the critical role
of effectively selecting auxiliary tasks in MTL settings to optimize portfolio outcomes.

Despite extensive research in the field, a significant gap persists in the develop-
ment of a unified momentum portfolio capable of adapting to trends of varying speeds.
Previous studies have typically focused independently on fast (less than one month),
medium (three to six months), or slow (six months to one year) momentum strategies,
rather than integrating these approaches into a single, dynamic framework. A unified
momentum approach aims to capture momentum across this spectrum, seamlessly ad-
justing to the changing pace of trends within assets and asset classes in the portfolio.
Addressing this gap in the literature represents a crucial advancement that could sig-
nificantly enhance our understanding of momentum-based trading and lead to more
robust portfolio management strategies. By developing such a portfolio, we can bet-
ter exploit the full range of momentum opportunities in financial markets, resulting in
superior risk-adjusted returns compared to existing momentum strategies in the liter-
ature.

This work aims to bridge this research gap by presenting a deep learning approach
to constructing a unified momentum portfolio. We begin by applying the principles of
multi-task learning to train three task-specific networks, each specializing in predict-
ing the forward momentum signal score for one month, three months, and six months
ahead. These networks generate portfolios representing fast, medium, and slow mo-
mentum strategies. The outputs from these task-specific networks are then fed into a
final network, the Capital Allocation Module, which determines the weight allocation
for each portfolio. By distributing risk according to the allocations provided by the
Capital Allocation Module, we create a unified momentum portfolio that effectively
exploits and leverages both short-term and long-term trends across assets and asset
classes in the portfolio.
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4.1.2 Owur Contributions

We propose an innovative approach to bridge the research gaps identified earlier in-
spired by recent advancements in deep learning for portfolio construction. The pro-
posed method utilizes a deep Multi-task Learning framework combined with a Multi-
gate Mixture-of-Experts architecture to develop a momentum portfolio (Jacobs et al.,
1991; J. Ma et al., 2018). Since its development more than three decades ago, the
Mixture-of-Experts (MoE) approach has become foundational in numerous research
areas and has recently been pivotal in advancing the field of natural language process-
ing in large language models (LLMs) (Fedus, Zoph, and Shazeer, 2022; Zoph et al.,
2022;]. He et al., 2022; Gale et al., 2022; Shen et al., 2023). Our approach, which we call
DeepUnifiedMom, aims to seamlessly integrate momentum opportunities across vari-
ous speeds, enhancing the efficacy of traditional momentum strategies. Our main con-
tributions are: i) introducing a novel Multi-task Learning framework with a Multi-gate
Mixture-of-Experts architecture, which facilitates end-to-end learning for multi period
portfolio construction to enhance momentum portfolio performance. ii) This study
represents the first implementation and examination of Multi-task Learning combined
with a Multi-gate Mixture-of-Experts approach, specifically within portfolio construc-
tion. iii) We provide a comprehensive experimental analysis to evaluate and under-
stand the performance outcomes of this innovative methodology against existing mo-
mentum strategies and various portfolio construction techniques.

4.2 Methodology

4.2.1 Overview

This work proposes to include Multi-Gate Mixture of Experts with a Multi-Task Learn-
ing Architecture (J. Ma et al., 2018). This novel approach combines Long-Short Term
Memory (LSTM) (Hochreiter and Schmidhuber, 1997) modules with the Multi-Gate
Mixture of Experts (MoMME) framework (Jacobs et al., 1991) to construct a unified
momentum portfolio.

In our proposed architecture, the LSTM experts serve as shared layers forming the
backbone of our multi-task learning framework. This setup enables effective parame-
ter sharing across various task-specific pathways yielding two key benefits (Caruana,
1997; Sebastian Thrun, 1998; Ruder, 2017). Firstly, the shared LSTM experts facilitate a
more efficient learning process by leveraging commonalities among tasks and consol-
idating learning efforts. This approach accelerates the training process and enhances
overall model performance by drawing on a broader base of data insights. Secondly,
the use of shared experts enhances the model’s generalization capabilities. By exposing
the model to a variety of tasks within the same learning process, it becomes less prone
to overfitting on any single task (Ghosn and Bengio, 1996; Baxter, 2000; Ruder, 2017;
Liebel and Korner, 2018). Overall, the integration of shared LSTM experts within our
architecture underscores a strategic approach to harnessing the complexities of finan-
cial data.

Each task-specific network has a dedicated gating network, a cornerstone of the
Multi-Gate Mixture of Experts (MoMME) framework (J. Ma et al., 2018). In our work,
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these gating networks are specialized one-layer FNNs with a softmax activation func-
tion. They receive the same feature inputs as the LSTM experts and output a set of
weights that sum to one. These weights determine the reliance on the corresponding
LSTM experts. By selectively activating relevant LSTM experts, the gating networks
enhance the performance of task-specific networks. This selective activation enables
more effective learning, as each task-specific network can focus on constructing mo-
mentum portfolios tailored to specific speeds or timeframes, ultimately improving the
performance of the constructed momentum portfolios. Here, three task-specific net-
works are trained to minimize the root mean square error (RMSE) between their out-
puts and the forward-looking TSMOM signals with one-month, three-month, and six-
month lookback timeframes. The outputs of these task-specific networks yield the fast,
medium, and slow momentum portfolios. Finally, we have a task-specific network
called the Capital Allocation Network, supported by a gating network. The gating net-
work receives feature inputs and assigns appropriate weights to the outputs of each
task-specific network. The weighted outputs are then fed into the Capital Allocation
Network, which is trained to allocate weights to the fast, medium, and slow momen-
tum portfolios generated by the three preceding task-specific networks. This results
in a final unified momentum portfolio that strategically capitalizes on opportunities
across various market trends.

The output produced by the Capital Allocation Network serves as a set of weights
assigned to the fast, medium, and slow momentum portfolios generated by the preced-
ing task-specific networks. These weights determine the allocation of capital across the
different portfolios, reflecting the model’s strategic decisions on how to distribute re-
sources among various market trends. By optimizing these weights, the Capital Alloca-
tion Network aims to construct a final unified momentum portfolio that effectively cap-
tures opportunities across diverse market conditions. Essentially, the portfolio weights
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determined by the Capital Allocation Network represent the model’s assessment of
the relative importance and potential profitability of each momentum portfolio. In
summary, the output of the Capital Allocation Network, in conjunction with the port-
folio weights for the fast, medium, and slow momentum portfolios, collectively yield
the final unified momentum portfolio. This integrated approach enables the model to
adaptively allocate resources and strategically capitalize on market trends, ultimately
enhancing portfolio performance.

To sum up, our proposed deep mixture of experts’ multi-gate and multi-task learn-
ing architecture generates three distinct momentum portfolios, each designed to cap-
ture momentum at different timeframes. The Capital Allocation Network also allocates
weights to these three momentum portfolios, constructing the final unified momentum
portfolio. This approach enables the creation of a unified momentum portfolio in a sin-
gle step, with the model optimized in an end-to-end fashion. A single-step, end-to-end
optimized model is superior because it ensures that all components are trained simul-
taneously, allowing for seamless integration and interaction between different parts of
the model. This approach enhances overall performance by effectively capturing de-
pendencies and relationships within the data, resulting in a more cohesive and robust
final portfolio. Our experimental results, detailed in Section 4.4, substantiate this claim.

4.2.2 Multi-Task Learning Network

By categorizing momentum into fast (one-month), medium (three-month), and slow
(six-month) categories, each task-specific network within our Multi-Task Learning frame-
work is trained to construct portfolios that capture momentum at their respective time
frame. This segmentation enhances the model’s ability to detect and leverage the subtle
variations in momentum within each asset class and individual asset, thereby improv-
ing the precision and relevance of its predictions for future momentum returns across
diverse assets. Each task-specific network is represented by a Feedforward Neural Net-
work (FNN), trained to predict the forward-looking time-series momentum (TSMOM)
signal. The TSMOM signal is essentially the forward return of an asset, adjusted for
its volatility. This adjustment takes into account the risk associated with the asset,
providing a normalized measure of momentum that is more comparable across dif-
ferent assets. During the training process, the objective is to minimize the difference
between the predicted TSMOM signal and the actual forward-looking TSMOM signal
(the ground truth, denoted as ¢). Specifically, we minimize the Root Mean Squared
Error (RMSE) between the predicted output y; and the ground truth §;. The RMSE
is a commonly used metric for regression tasks, providing a measure of the average
magnitude of the errors between predicted and actual values.

1
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where Lrysg represents the overall RMSE loss over a batch of size B. The term [ryvsg,
denotes the RMSE at specific time ¢ in the batch. In this context, n is the total number
of assets in the portfolio and ¥ is the prediction output by the task-specific network for
the forward-looking TSMOM signal for asset i at time ¢. Moreover, the forward-looking
TSMOM signal for each asset i at time ¢, denoted as ¥; represents the ground truth, or
the actual observed value of the forward-looking TSMOM signal for each asset i at
time ¢. This ground truth is used during the training phase of your model to compare
against the predicted output y;. It is defined as:

ji = TSMOM; = _tHhtts (4.2)
Ot+s

In this formulation, r} +1t+s Tepresents the returns from ¢ + 1 to ¢ + s, and o, is
the standard deviation of the returns, both calculated at a future window s beyond
time ¢. Here, the window s varies according to the speed category of the momentum
being analyzed: 20 trading days for DeepUnifiedMom(Fast), 60 trading days for Deep-
UnifiedMom(Medium), and 120 trading days for DeepUnifiedMom(Slow). This variation
allows each task-specific network to fine-tune its learning process to the particular mo-
mentum time frame it addresses, thus enhancing the model’s ability to adapt to the
distinct market dynamics associated with each speed category. Finally, the return of

the fast, medium and slow portfolio can be calculated as follows:

1o~ L, ,
i1 = o ny’—ll,t X Tt (4.3)
i=1
where p represents the DeepUnifiedMom-Fast, Medium and Slow portfolio, n is the
number of assets in the portfolio, y{""; , is the output of the task-specific network (in-
dicating the weight allocated to asset i for the given momentum timeframe) at time ¢,
7{ 111 is the one day return of the asset i and r}, , ; is the p portfolio’s return at time ¢.

4.2.3 Capital Allocation Network

The objective of the Capital Allocation Network (CAN) is to generate weights for al-
locating capital across the various momentum portfolios produced by the task-specific
networks. It is implemented as a specialized feedforward neural network (FNN) with
a tanh activation function at each intermediate layer and a softmax activation function
at the final layer to ensure the output sums to 1. By applying the weights generated
by the CAN to DeepUnifiedMom-Fast, Medium and Slow, we obtain the final unified
momentum portfolio, which we term DeepUnifiedMom(CAN). The unified momentum
portfolio’s return can be calculated as follows:

U
T+l = Z wf—u X 7"f,t+1 (4.4)
pEP
where P is the set of fast, medium and slow momentum portfolios, wfﬁlyt is the weight
predicted by the CAN for portfolio p at time ¢, 7/, ; is the one day return of the asset i
and 7}, is the return of the unified momentum portfolio.
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Since the objective of the CAN differs from those of the task-specific networks, we
use the Sharpe Ratio (Sharpe, 1994) as the objective function for training. By utiliz-
ing the Sharpe Ratio, as outlined in Equation 4.5, we direct the model to learn how to
generate portfolios optimized for risk-adjusted returns from the input features. The
Sharpe Ratio measures an investment’s performance relative to a risk-free asset, ad-
justing for risk, and offers a comprehensive metric for evaluating the trade-off between
risk and return. Incorporating this ratio into the model’s learning process ensures that
the constructed portfolios aim to maximize returns while minimizing risk, resulting in
superior risk-adjusted performance (B. Lim, Zohren, and Roberts, 2019; Zihao Zhang,
Zohren, and Roberts, 2020; Ong and Herremans, 2023).

Sharpe Ratio with Soft Capping Mechanism (Threshold = 0.01)

Sharpe Ratio with Soft Capping
o

T T I T T T

T T T
-10.0 -7.5 -5.0 =25 0.0 2.5 5.0 7.5 10.0
Sharpe Ratio

FIGURE 4.2: Relationship between the Sharpe Ratio with Soft Capping
Mechanism and the Standard Sharpe Ratio with Threshold = 0.01

E[rV]
Opu

LSharpe Ratio” — — (4.5)

where E[r"] and o,u are the mean and standard deviation of the unified momentum
portfolio’s realised returns, respectively. The high noise-to-signal ratio in financial data
significantly increases the risk of overfitting in deep learning models (Vitells and Gross,
2011; Harvey and Liu, 2014; D. H. Bailey et al., 2015; Lopez de Prado, 2018; Israel, Kelly,
and T. Moskowitz, 2020). During training, we may encounter instances where certain
batches have an extremely high noise-to-signal ratio. Fitting to this noise can result in
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a high Sharpe Ratio. Consequently, the model, aiming to maximize the Sharpe ratio,
may overfit to these noisy patterns, allocating more weight to these instances and per-
forming well on the training data but failing to generalize to new data. We introduce a
modified objective function called the Sharpe Ratio with a Soft Capping Mechanism to
mitigate this risk. It first caps the Sharpe ratio at a specified threshold value, ensuring
that any value above this threshold is limited. For values that exceed this threshold,
the function computes the excess and applies a logarithmic transformation, which re-
duces the impact of these extreme values by making them grow more slowly. Similarly,
it ensures that the Sharpe ratio does not fall below the negative of this threshold by
capping the lower end and applying a logarithmic transformation to values below the
threshold. This combination of capping and logarithmic adjustments smooths out the
extremes, as shown in the equation below:

Lo, = —(L +1log(1 + Ue) — log(1 — Le)) (4.6)

where,

U = min(SR, 7)
U, = max(SR — 7,0)
L = max(U, —1)
L. = min(SR — 7,0)

Here, SR, s represents the modified Sharpe ratio with soft capping mechanism, SR
represents the original Sharpe ratio, and 7 is the threshold, which is set to 0.01 dur-
ing the training process. The resulting Sharpe Ratio with Soft Capping mechanism can
be seen in Figure 4.2. The logarithmic transformation applied to values exceeding the
threshold moderates their growth, reducing the impact of extreme values. This smooth-
ing effect stabilizes the training process by preventing abrupt changes in the model’s
behavior due to outliers. Consequently, the model is encouraged to focus on more con-
sistent and reliable patterns in the data, leading to better generalization. As a result,
the model is less likely to overfit to noise and more likely to capture true underlying
signals that are relevant to the objective at hand. Our experimental results, detailed
in Section 4.3 will substantiate the effectiveness of training our proposed architecture
with the Sharpe Ratio with a Soft Capping Mechanism. This comparison with models
trained without the mechanism will highlight the improvement of performance and
generalization capabilities when using the Sharpe Ratio with the Soft Capping Mecha-
nism.

4.2.4 Loss function

Liotal = LRy + Y Lfse 7

peEP
Putting it all together, the final loss function of our model, which we minimize dur-
ing training, can be written as Equation (4.7). In this equation, L, combines two
components. The first component, Lsg_,, represents the loss for the CAN, calculated
as the negative Sharpe ratio with a soft capping mechanism. The second component is
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the sum of the RMSE losses L{, (o for each task-specific network. The overall loss func-
tion integrates these elements to guide the training process and optimize the model’s
performance.

4.3 Experimental Setup

4.3.1 Dataset

Individual futures contracts are subject to expiration dates and varying levels of lig-
uidity, which can hinder the practical analysis of long-term trends. To overcome this
challenge, we rely on the Pinnacle Data Corp CLC database as our primary data source
for evaluating the proposed model. The data we used in our experimentation spans
from January 1990 to December 2023, providing daily data and encompassing over
three decades of historical information. The Pinnacle Data Corp CLC database offers
a comprehensive continuous price history for 49 futures contracts across diverse asset
classes, such as commodities, currencies, fixed income, and equity index futures. We
leverage the continuous contract history of each asset, constructed through end-to-end
concatenation and price adjustment using the backward-ratio method, to ensure robust
analysis of long-term trends.

4.3.2 Feature Set

We derive a set of time-series momentum features from the daily settled price of the
continuous futures by taking the log returns (r!_ 4) over the past 3 trading days, 5
trading days, 10 trading days, 21 trading days, 63 trading days, 126 trading days, and
finally 252 trading days:

(4.8)

where r! 4, 18 the natural logarithm of the d-day return of the asset i at day ¢, P} is the
settled price of asset i at time ¢ and P/ is the settled price of asset i, d trading days ago
at time ¢. To normalize the returns and account for the variability in market conditions,
we scale the calculated log returns by the asset’s volatility. This approach ensures that
the returns are standardized, allowing for a more equitable comparison across different
assets and time periods. The scaled return, f’};_ dtr is computed as follows:

~i de,
gy = t—dyt (4.9)

where 7! 4, represents the volatility-normalized return over the d-day period for asset
iatdayt, ri_,, is the log return as previously defined, and o!_,, denotes the volatility
of the asset over the d-day period. ’

Following the approach of (Ong and Herremans, 2023), our methodology for fea-
ture creation is guided by two principal considerations. Firstly, we aim to preserve
the essence of time-series momentum by utilizing features that align closely with those
employed in the construction of time-series momentum portfolios, as outlined by (T.].
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Moskowitz, Ooi, and Pedersen, 2012). Secondly, and of greater significance, we in-
tentionally limit the complexity of our feature engineering to ensure that the observed
performance of the portfolios is primarily attributed to the efficacy of our architectural
design, rather than to the ingenuity or specificity of the features used. This approach
underscores our commitment to validating the inherent strength and adaptability of
the architecture in capturing momentum trends, rather than leveraging elaborate fea-
ture engineering to enhance portfolio performance artificially.

4.3.3 Benchmark Models

The concept of Time-Series Momentum (TSMOM) portfolios, as introduced by (T. J.
Moskowitz, Ooi, and Pedersen, 2012), forms the cornerstone of our benchmarking pro-
cess. These portfolios operate on the principle of buying or selling assets based on their
performance over the past 12 months. To comprehensively assess our model’s efficacy,
we have meticulously crafted a suite of TSMOM portfolios, each tailored to capture
distinct momentum horizons:

TSMOM(1): based on the past one month’s returns.

¢ TSMOM(3): based on the past three month’s returns.

* TSMOM(6): based on the past six month’s returns.

¢ TSMOM(12): based on the past twelve month’s returns.

¢ TSMOM(1,4): An equal-weighted combination of the 1, 2, 3, and 4-month TSMOM:s.
* TSMOM(5,8): An equal-weighted combination of the 5, 6, 7, and 8-month TSMOM:s.

¢ TSMOM(9,12): An equal-weighted combination of the 9, 10, 11, and 12-month
TSMOMs.

e TSMOM(1,12): An equal-weighted combination of the 1 to 12-month TSMOMs.

This wide array of TSMOM portfolios serves as a benchmark, enabling us to evalu-
ate our proposed model against a spectrum of momentum-based investment strategies
across different timeframes. To support our claim that a unified momentum portfolio,
which can capitalize on momentum opportunities across various timeframes, Deep-
UnifiedMom(CAN) should outperform all TSMOM benchmark strategies. In addition
to that, to rigorously evaluate the final unified momentum portfolio’s performance
constructed by the DeepUnifiedMom(CAN), we established two benchmark portfolios:
DeepUnifiedMom(EQWT) and DeepUnifiedMom(MVO). These carefully chosen bench-
marks will help us assess the effectiveness of the unified momentum portfolio con-
structed by the CAN compared to existing standard portfolio construction techniques.

¢ DeepUnifiedMom(EQWT): This portfolio equally distributes weights from port-
folios constructed by DeepUnifiedMom-Fast, Medium and Slow.

¢ DeepUnifiedMom(MVO) utilizes Mean-Variance Optimization (MVO) (Markowitz,
1952) to construct a portfolio that maximizes the Sharpe ratio.
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Constructing a portfolio with equal weighting is a straightforward heuristic that
does not involve any optimization process. In contrast, constructing a final portfolio
using MVO involves a second optimization process by using the historical returns of
DeepUnifiedMom-Fast, Medium and Slow portfolios to calculate the expected returns
and covariance matrix, which are then optimized by maximizing the Sharpe ratio to
construct the final portfolio. The key drawback of such approaches is that they do
not consider the interactions between the components holistically. This fragmented
optimization can lead to suboptimal overall performance because each step is opti-
mized in isolation without accounting for all components” interdependencies and joint
effects. Finally, to substantiate our earlier claim that our proposed model’s single-step,
end-to-end optimization of a final unified momentum portfolio is more optimal, the fi-
nal portfolio constructed by the DeepUnifiedMom(CAN) should outperform the portfo-
lios constructed using both the DeepUnifiedMom(EQWT) and DeepUnifiedMom(MVO)
methods.

4.3.4 Backtest Specifications

Batch 1 [: -
Batch 2 [: -
Batch 3 [: -

Batch N D 7‘

Full Out-of-Sample Results ‘

Train set | | Valldation | | o Set
Set

FIGURE 4.3: The diagram illustrates the expanding window cross-
validation approach used in our model’s training.

In the following section, we present the backtest results obtained from our pro-
posed model, trained using an expanding window cross-validation approach with the
first batch of training data spanning a period of 10 years, as illustrated in Figure 4.3.
Throughout the training phase, 20% of the data was allocated for validation purposes.
The trained models were then utilized to construct portfolios for the test set, with each
portfolio corresponding to a year’s worth of out-of-sample data. This process was re-
peated 24 times, resulting in an out-of-sample backtest period from January 2000 to
December 2023.

During the backtesting phase, our model underwent training on the designated
training dataset. We employed Stochastic Gradient Descent (SGD) with the Adam op-
timizer to minimize the loss functions. We conducted a grid search on the validation
set, guided by the parameter search space outlined in Table 4.1. The training process
was designed to conclude after 20 epochs; however, we incorporated an early stopping
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Parameters Values
Number of LSTM Layers 1,2,3
LSTM Hidden Units 64,126, 252,512
Number of LSTM Experts 3,6,9,12
Task-Specific Netowrk Layers 2,3,4

Task-Specific Network Hidden Units 64, 126, 252, 512

TABLE 4.1: Hyperparameter Search Space.

mechanism that halts training if there’s no improvement in validation loss over 5 con-
secutive epochs. Utilizing an expanding window approach for out-of-sample training
and validation, the final training iteration—covering data from January 1990 to De-
cember 2023—required approximately 1 hour on a system equipped with an NVIDIA
GeForce RTX 2090.

4.4 Performance Evaluation

As shown in Table 4.2, our final unified momentum portfolio generated by DeepUni-
fiedMom(CAN), outperforms all TSMOM benchmark models, including DeepUnified-
Mom-Fast, Medium, and Slow, as well as the final portfolios generated by DeepUnified-
Mom - EQWT and MVO. DeepUnifiedMom(CAN) achieves a Sharpe ratio of 2.33 and a
Sortino ratio of 3.88 while incurring a maximum drawdown of -1.02%. In comparison,
the best TSMOM benchmark strategy, TSMOM(1,12), achieves a Sharpe ratio of 1.07
and a Sortino ratio of 1.58, with a drawdown of -2.01%. This demonstrates the supe-
rior performance of DeepUnifiedMom(CAN) in terms of both risk-adjusted returns and
drawdown management.

Additionally, when comparing the portfolios generated by the task-specific net-
works DeepUnifiedMom-Fast, Medium, and Slow, to the final unified momentum port-
folio, the latter consistently outperforms the former on a risk-adjusted basis, notably
achieving a much lower maximum drawdown. The best-performing task-specific net-
work, DeepUnifiedMom(Slow), achieves a Sharpe ratio of 1.54 and a Sortino ratio of 2.41
while incurring a maximum drawdown of -3.62%, which is almost 3.5 times larger than
the maximum drawdown incurred by the final unified momentum portfolio. When we
compare the performance of DeepUnifiedMom-Fast, DeepUnifiedMom-Medium, and
DeepUnifiedMom-Slow against TSMOM benchmark strategies, the results are less ap-
pealing. Across the board, DeepUnifiedMom-Fast, Medium, and Slow incur much
higher maximum drawdowns compared to TSMOM strategies. Running a portfolio
that incurs significantly larger drawdown risk without corresponding performance
compensation may not be an appealing strategy for many portfolio managers.

Overall, the performance of the final unified momentum portfolio generated by
DeepUnifiedMom(CAN) compared to the benchmark TSMOM strategies and DeepUni-
fiedMom-Fast, Medium, and Slow supports the claim that a portfolio capable of capital-
izing on a spectrum of momentum opportunities results in a more robust portfolio, con-
tributing to better risk-adjusted performance and minimizing maximum drawdown.
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FIGURE 4.4: Portfolios” Cumulative Returns from Jan 2000 to Dec 2023.
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(D) DeepUnifiedMom(CAN) versus Baseline
Portfolio Allocations: Equal Weight and MVO.
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Portfolios Ann. Return (%) Ann. vol (%) Sharpe Sortino Max DD (%)
TSMOM(1) 1.06 1.44 0.73 1.09 -4.60
TSMOM(3) 1.16 1.46 0.80 1.16 -3.37
TSMOM(6) 1.18 1.45 0.82 1.20 -2.91
TSMOM(12) 1.48 1.47 1.01 1.46 -3.28
TSMOM(1,4) 1.27 1.27 1.00 1.49 -2.05
TSMOM(5,8) 1.19 1.37 0.87 1.27 -2.80
TSMOM(9,12) 1.40 1.40 1.00 1.45 -2.60
TSMOM(1,12) 1.30 1.22 1.07 1.58 -2.01
DeepUnifiedMom(Fast) 1.85 1.39 1.34 2.06 -6.32
DeepUnifiedMom(Medium) 1.32 1.34 0.99 1.47 -3.52
DeepUnifiedMom(Slow) 2.14 1.40 1.54 241 -3.62
DeepUnifiedMom(CAN) 1.92 0.82 2.33 3.81 -1.02
DeepUnifiedMom(EQWT) 1.79 0.77 2.31 371 -0.99
DeepUnifiedMom(MVO) 191 1.11 1.72 2.69 -3.13

TABLE 4.2: Backtest results (net) for the period from January 2000 to De-

cember 2023, with transaction costs set at 3 basis points. The DeepUni-

fiedMom model results presented here were obtained using the Sharpe

Ratio with a Soft Capping mechanism as the loss function during train-
ing. Max DD stands for maximum drawdown.
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FIGURE 4.5: The figure illustrates the portfolio weight allocations de-

termined by the Capital Allocation Task Specific Network within the

DeepUnifiedMom framework across the Fast, Medium, and Slow port-
folios from January 2000 to December 2023.

Figure 4.5 shows that the weights assigned by the DeepUnifiedMom(CAN) to the
DeepUnifiedMom portfolios —Fast, Medium, and Slow— maintain remarkable consis-
tency throughout the year. Moreover, the weight allocation strategy implemented by
the DeepUnifiedMom(CAN) markedly diverges from traditional equal weighting ap-
proaches, demonstrating that DeepUnifiedMom(CAN) does not rely on a basic equal
weighting scheme. However, DeepUnifiedMom(CAN) outperforms DeepUnifiedMom(EQWT)
by a narrow margin, achieving a Sharpe ratio of 2.33 compared to 2.31, and a Sortino
ratio of 3.81 compared to 3.71. While DeepUnifiedMom(EQWT) incurred a slightly
smaller maximum drawdown of -0.99%. Comparatively, both the DeepUnifiedMom(CAN)
and DeepUnifiedMom(EQWT) portfolios considerably outperform the DeepUnifiedMom(MVO)
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approach in terms of risk-adjusted returns and maximum drawdown. The Sharpe ra-
tio of DeepUnifiedMom(MVO) portfolio is only 1.72, significantly lower than the 2.33 of
the DeepUnifiedMom(CAN) portfolio. The maximum drawdown for the DeepUnified-
Mom(MVO) portfolio stands at -3.13%, which is less favorable than the drawdowns ex-
perienced by the equal weighted TSMOM portfolios such as TSMOM(1,4), TSMOM(5,8),
TSMOM(9,12), and TSMOM(1,12). These findings suggest that the DeepUnifiedMom(MVO)
approach may be suboptimal given that both DeepUnifiedMom(CAN) and DeepUni-
fiedMom(EQWT) perform much better. While criticism of MVO is well-established, our
results lend further support to these critiques, emphasizing the need for ongoing refine-
ment and exploration of alternative strategies (Richard Michaud and Robert Michaud,
2007; D. Bailey and Lopez de Prado, 2012; Jurczenko and Teiletche, 2015; Lopez de
Prado, 2016). In conclusion, the performance analysis of DeepUnifiedMom(CAN) in
comparison to benchmark strategies and DeepUnifiedMom portfolios —Fast, Medium,
and Slow, underscores its effectiveness in portfolio management. By outperforming
TSMOM benchmarks and task-specific networks in terms of risk-adjusted returns and
drawdown management, DeepUnifiedMom(CAN) demonstrates its ability to capital-
ize on momentum opportunities across a spectrum of market conditions. This suggests
that a unified approach to portfolio construction, such as DeepUnifiedMom(CAN), leads
to a more robust portfolio, contributing to improved risk-adjusted performance and
minimized maximum drawdown. These findings highlight the potential of DeepUni-
fiedMom(CAN) as a practical and promising solution for investors seeking enhanced
portfolio performance in dynamic market environments.

Portfolios Ann. Return (%) Ann. vol (%) Sharpe Sortino Max DD (%)
Sharpe Ratio with Soft Capping Mechanism (Threshold = 0.01)

DeepUnifiedMom(Fast) 1.85 1.39 1.34 2.06 -6.32
DeepUnifiedMom(Medium) 1.32 1.34 0.99 1.47 -3.52
DeepUnifiedMom(Slow) 2.14 1.40 1.54 2.41 -3.62
DeepUnifiedMom(CAN) 1.92 0.82 2.33 3.81 -1.02
DeepUnifiedMom(EQWT) 1.79 0.77 2.31 3.71 -0.99
DeepUnifiedMom(MVO) 1.91 1.11 1.72 2.69 -3.13
Sharpe Ratio

DeepUnifiedMom(Fast) 1.73 142 1.22 1.87 633
DeepUnifiedMom(Medium) 1.20 1.39 0.87 1.28 -3.61
DeepUnifiedMom(Slow) 2.03 1.43 1.42 2.20 -4.00
DeepUnifiedMom(CAN) 1.80 0.84 2.14 3.43 -1.10
DeepUnifiedMom(EQWT) 1.67 0.79 211 3.33 -1.21
DeepUnifiedMom(MVO) 1.72 1.17 147 2.26 -3.64

TABLE 4.3: Here are the backtest metrics (net) for the period from Jan-

uary 2000 to December 2023, with transaction costs set at 3 basis points.

The DeepUnifiedMom model results presented here were obtained using

the Sharpe Ratio with a Soft Capping mechanism as the loss function
during training.

Table 4.3 reveals that when DeepUnifiedMom(CAN) is trained using the Sharpe Ra-
tio with a Soft Capping Mechanism, the resulting portfolios consistently perform better
than those trained using only the Sharpe Ratio. Specifically, DeepUnifiedMom(CAN)
trained with the modified Sharpe Ratio achieved a Sharpe Ratio of 2.33 and a Sortino
Ratio of 3.81, compared to 2.14 and 3.43, respectively, for those trained with the stan-
dard Sharpe Ratio. Additionally, the task-specific networks constructing the Fast, Medium,
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and Slow portfolios also outperform their counterparts. Overall, the results are promis-
ing, indicating that further research into improved Sharpe Ratio objective functions for
training deep learning model is worthwhile.

4.5 Conclusion

The proposed DeepUnifiedMom framework represents a significant advancement in
applying deep learning in portfolio management, adeptly addressing the limitations
of traditional momentum strategies. At its core, DeepUnifiedMom leverages advanced
deep learning, employing a multi-task learning approach and a multi-gate mixture of
experts to construct unified momentum portfolios. Our extensive backtesting, span-
ning various asset classes such as equity indexes, bonds, currencies, and commodities,
has consistently shown that DeepUnifiedMom surpasses benchmarks, maintaining its
superior performance even after accounting for transaction costs. This highlights its
ability to construct a final portfolio that accounts for a wide spectrum of momentum
opportunities in the financial market in an end-to-end fashion. This new approach
to using deep learning in investment strategies showcases the benefits of advanced
computational techniques in financial decision-making and outcomes. The model was
developed using Python and Pytorch; the framework is accessible for review and uti-
lization, with its source code publicly available online!. Future research will focus on
enhancing the DeepUnifiedMom framework by incorporating sparsity into the gating
mechanism and utilizing more sophisticated deep learning architectures, such as the
Transformer model, for time-series analysis. Additionally, efforts will be made to in-
tegrate explainable Al techniques into the portfolio construction process, aiming to in-
crease the transparency and interpretability of the DeepUnifiedMom framework. This
progression will not only refine the model’s performance but also bolster user trust and
understanding of how Al-driven decisions are made within the portfolio management
context.

https://github.com/joelowj/unified_mom_mmoe
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Chapter 5

Index tracking portfolio with an
Adaptive Sparse Transformer

5.1 Introduction

In previous chapter, we applied deep learning to multi-horizon portfolio construction,
developing models that optimized portfolios by analyzing and predicting market dy-
namics across various time frames. This approach allowed us to create portfolios that
were both responsive to short-term fluctuations and aligned with long-term investment
strategies. Building on that foundation, in this chapter, we shift our focus to sparse
portfolio construction. Here, we use deep learning techniques to construct portfolios
that achieve their objectives with a reduced number of assets, maintaining effectiveness
while simplifying management and reducing costs. This chapter explores how deep
learning can be adapted to promote sparsity, providing a more streamlined approach
to portfolio construction.

A financial index tracks the performance of a specific market, a segment of that
market, or a particular industry or sector (Roll, 1992; Deville, 2008; Bogle, 2016; Box,
Davis, and K. P. Fuller, 2019). It typically comprises a diversified portfolio of assets,
such as stocks, bonds, or commodities, and is often used as a benchmark to evaluate the
performance of a particular investment or the overall market. Financial indices provide
investors with a way to track market trends, compare investment returns, and make
informed investment decisions (Franks, 1992; Browne, 1999; Sutcliffe, 2018). Examples
of well-known financial indices include the S&P 500, NASDAQ Composite, and the
Dow Jones Industrial Average. Since a financial index is not a financial instrument,
investors cannot invest in it directly. Hence, there is value in explicitly tracking an
index’s value by constructing a portfolio of assets whose value follows the value of its
respective benchmark index after fees (Jansen and Van Dijk, 2002; Frino, D. Gallagher,
et al., 2004; Corielli and Marcellino, 2006; Busse, Goyal, and Wahal, 2010; Cremers et al.,
2016).

The creation of an index-tracking portfolio poses two fundamental questions. Firstly,
which is the optimal selection of assets to include? Secondly, what are the optimal
weights to assign to those assets? One conventional method, termed full replication, in-
volves purchasing all the assets within the index. One of the most straightforward ways
to tackle index tracking is to purchase all the assets that compose an index in their re-
spective proportions.. This approach is also known as the full replication method (Dyer
and Guest, 2022). Although this approach is conceptually simple and aligns well with
the targeted index, its real-world application is fraught with challenges. For example,
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managing a large index portfolio might incur considerable transaction costs, leading to
high tracking errors. These issues might be further magnified if certain assets within
the index are infrequently traded, forcing portfolio managers to navigate wide bid-ask
spreads and consequently inflating transaction costs even more (J. Beasley, Meade, and
Chang, 2003; Edelen and Blume, 2003; Gaivoronski, Krylov, and Van der Wijst, 2005;
Canakgoz and J. E. Beasley, 2009; Sant’Anna et al., 2017). These practical issues under-
score the necessity for innovative methodologies that enhance index tracking without
necessitating full replication (Jorion, 2003; Montfort, Fijn van Draat, and Visser, 2008;
Acosta-Gonzalez, Armas Herrera, and Fernandez-Rodriguez, 2014; Zheng et al., 2020;
Xia, Y. Yang, and H. Yang, 2023). By addressing these questions, one can develop strate-
gies that more efficiently approximate an index, optimizing both cost and performance.

5.1.1 Literature Review

To avoid the necessity of full replication, alternative strategies have been developed,
such as partial replication. The goal of the partial replication strategy is to closely
match the performance of the index by investing in a selection of assets from the index.
These chosen assets strongly correlate with the index, exhibit similar exposure charac-
teristics, and have comparable risk profiles to the full set of index constituents (S. L.
Fuller, 2008; Ben-David, Franzoni, and Moussawi, 2017). This method can lead to no-
tably lower transaction costs while minimizing tracking error, which is the difference
between the performance of the index-tracking portfolio and the actual index. This
approach rely on historical data to analyze each constituent in the index and select
a subset to be included in the index tracking portfolio at an optimal weight. Partial
replication approaches use either optimization, machine learning, or deep learning ap-
proaches (Fastrich, Paterlini, and Winker, 2014; F. Xu, Lu, and Z. Xu, 2016; Benidis,
Feng, and Palomar, 2018; Ouyang, X. Zhang, and Yan, 2019a; Pauwels, Tsiligianni, and
Deligiannis, 2021; Zepeng Zhang and Z. Zhao, 2021; Peng, Gong, and X. D. He, 2023;
Shi et al., 2023; J. C. S. Silva, D. F. d. L. Silva, and Almeida Filho, 2022).

More recently, researchers have begun to use deep learning models for portfolio
construction (F. E. Tay and Lijuan Cao, 2001; L.J. Cao and E. Tay, 2003; K.-J. Kim, 2003;
Sapankevych and Sankar, 2009; Law and Shawe-Taylor, 2017; B. Lim, Zohren, and
Roberts, 2019; Zihao Zhang, Zohren, and Roberts, 2020; Kwak, Song, and H. Lee, 2021;
Zou and Herremans, 2023; Herremans and Low, 2022; Ong and Herremans, 2023; Ong
and Herremans, 2024). They have achieved this by using softmax probability as the
weights for the constituents in the portfolio. However, this is far from optimal, es-
pecially in index tracking as the softmax function is elementwise proportional to the
exponential of the input numbers and can never assign a weight of zero (Bridle, 1989).
As a result, less weight is assigned to key constituents, and weights are distributed to
irrelevant constituents, potentially harming the portfolio’s performance.

To address this limitation, researchers have divided the task into two distinct sub-
tasks (Ouyang, X. Zhang, and Yan, 2019b; Yun et al., 2020; Bradrania, Pirayesh Neghab,
and Shafizadeh, 2021; Kwak, Song, and H. Lee, 2021; W. Chen, Haoyu Zhang, and Jia,
2022b). Initially, a model is employed for asset selection, followed by another model
that assigns weights to these selected assets. While this method is a workaround, it
negates the advantages of end-to-end learning, a hallmark of deep learning models.
End-to-end learning, by optimizing the objective function directly, without relying on
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sub-models or intermediate steps, generally yields superior results, as demonstrated
in various studies (Collobert, Weston, et al., 2011; Krizhevsky, Sutskever, and Hinton,
2012; Schmidhuber, 2015; Bojarski et al., 2016; Devlin et al., 2019; Rombach et al., 2022).
In addition, much of the current work in deep learning for index tracking portfolios
focuses on single-objective optimization, minimizing the tracking error between the
index tracking portfolio and the benchmark. This neglects the opportunity of using
the deep learning model for multi-objective optimization — for instance, minimizing
tracking error and transaction costs while maximizing excess returns.

Finally, many studies show results using a short period, some less than five years (Kwak,
Song, and H. Lee, 2021; Zepeng Zhang and Z. Zhao, 2021; Peng, Gong, and X. D. He,
2023; Shi et al., 2023; J. C. S. Silva, D. E. d. L. Silva, and Almeida Filho, 2022). More-
over, these studies often fail to benchmark their findings against widely used industry-
standard index-tracking portfolios, such as the Top-k market capitalization portfolio.
For example, in the S&P 500 index, a “Top-50" portfolio would include the 50 largest
companies by market capitalization within that index. This approach can be useful
for understanding how well a model performs against a simpler strategy of selecting
the largest market-capitalization stocks. This benchmarking is crucial in index-tracking
portfolio research because a model that consistently converges to the Top-k market cap-
italization portfolio may contribute little value to the field.

5.1.2 Owur Contributions

To address the research gaps mentioned above, we proposed a novel multi-objective
deep learning system based on a sparse transformer architecture for constructing an
index tracking portfolio. The following contributions are made to address the research
gaps discussed in the previous section.

1. To the best of our knowledge, we are the first to introduce the utilization of
the a-entmax activation function within a deep learning architecture specifically
for portfolio construction, enabling the joint optimization of asset selection and
weighting in one cohesive step. This approach facilitates the construction of an
index-tracking portfolio through an end-to-end deep learning model, thereby
eliminating the need for separate sub-models traditionally used for asset selec-
tion and subsequent weighting.

2. We propose multi-objective optimization by minimizing tracking error and trans-
action costs while maximizing excess returns. Rather than tuning these weights
by hand, a complicated and expensive process, we dynamically learn the weights
to assign to each cost function during training.

3. We report extensive experimental results, extending from January 2005 till April
2024. In addition, we also analyze the similarity of the portfolio constructed by
our proposed model to the Top-k market capitalization portfolio.

This chapter is structured as follows: In Section 5.2 details our proposed model, the
Adaptive Sparse Transformer. It outlines the model’s key features and mechanics, em-
phasizing essential concepts like tracking error and sparse activation functions in deep
learning, which are fundamental to the work presented in this chapter. In Section 5.3,
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we detail the experimental setup, including the dataset selection, benchmark models,
and the backtesting strategy employed. The results of our extensive experiments are
then presented and analyzed in Section 5.4. We conclude the chapter in Section 5.5,
summarizing our key findings and offering insights into potential avenues for future
research.

5.2 Proposed Model

5.2.1 Softmax, Sparsemax, and c-entmax

In this subsection, we present a concise overview of selected activation functions that
are frequently employed in deep learning, with a particular focus on the softmax acti-
vation function and its sparse variants: Sparsemax (Martins and Astudillo, 2016) and
a-entmax (Peters, Niculae, and Martins, 2019). These sparse variants are particularly
crucial for introducing sparsity into deep learning models. Such sparsity is a vital fea-
ture for applying deep learning models on index tracking tasks, where a selective and
minimal number of assets are preferred to effectively replicate index performance.

1.0 7 o = 1 (softmax)
a=1.25
-=a=1.5
a = 2 (sparsemax)
054 =4

0.0 { ===m=

FIGURE 5.1: Illustration of softmax, sparsemax and a-entmax activation
function. Adapted from (Peters, Niculae, and Martins, 2019)

Let AK=1 .= {p € RE | 1Tp, p > 0} be the (K — 1) dimensional simplex. Here
K denotes the number of components in the vector space RX. The variable p repre-
sents a vector in R¥, which is the K dimensional real number space. In the context
of the simplex AX~1, p is a vector whose elements sum to 1 and each element of p is
non-negative. This makes p a probability distribution vector, where each element of p
represents the probability of a corresponding outcome or event. The softmax activation
function maps any vector z € R¥ to a probability distribution vector p € AX~1. This
mapping is done component-wise, and the softmax function is defined as:
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exp(z;)
> exp()) -1

where z represents the input vector of scores or logits for all classes. z; is the i-th ele-
ment of the input vector z, corresponding to the score for the i-th class, z; is the j-th
element of the input vector z, corresponding to the score for the j-th class. The sum in
the denominator, } ; exp(z;), is taken over all elements z; in the input vector z. A dis-
tinguishing feature of the softmax activation function is that the resulting probability
distribution invariably leads to softmax;(z) # 0 for every z and i. This happens because
the softmax function involves exponentiation of the scores exp(z;). The exponential
function is always positive for any real number z;. It then normalizes these values by
dividing each exp(z;) by the sum of all exponentiated scores, which is also positive.
Consequently, each probability is a positive value divided by a positive sum, ensuring
softmax;(z) > 0. Although beneficial in certain situations, this characteristic becomes a
limitation when a sparse probability distribution is needed. This is especially pertinent
in the context of portfolio construction for index tracking, where achieving sparsity is
an essential aspect.

The sparsemax activation function, proposed by Cremers et al., 2016, emerges as
an alternative that can produce sparse distributions while preserving most critical at-
tributes of the softmax activation function. It is defined as:

softmax;(z) =

sparsemax(z) := argmin || p — z || (5.2)
peAK-1
where argmin represents the optimization process where the function seeks the value
pEAK-1
p € AK~! that minimizes the given expression. Specifically, AKX 1 denotes the (K —1)-
dimensional simplex, which is the set of all K-dimensional probability vectors. In other
words, p is constrained to be a probability distribution (non-negative and sum to 1).
The term || p — z ||2 is the squared Euclidean distance between the probability distribu-
tion p and the input vector z. In simple terms, the sparsemax activation function returns
the Euclidean projection of the input vector z onto the probability simplex. Uniquely,
it is capable of intersecting the boundary of the simplex, leading to the property that
sparsemax(z) may be sparse. This aligns with the requirements of applications that
necessitate sparse solutions, providing a vital tool for portfolio optimization and index
tracking.
More recently, Blondel, Martins, and Niculae, 2019 introduced a-entmax, expressed
as

o — entmax(z) := argmax p' z + H. (p) (5.3)
peEAT

where argmax represents the optimization process where the function seeks the value
pEAT

p € A% of p that maximizes the given expression. Specifically, A% := {p e R? : Y . p; =

1} denotes the d-dimensional probability simplex, which is the set of all d-dimensional

probability vector. In other words, p is constrained to be a probability distribution
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(non-negative and summing to 1). p' z is the dot product between the probability dis-
tribution p and the input vector z, it measures how well the distribution p aligns with
the input vector 2. Finally, H! is the Tsallis continuous family of entropies (Tsallis,
1988), which serves as a regularization term to encourage sparsity in the output distri-
bution. The a-entmax function is particularly noteworthy due to its appealing proper-
ties, when a = 1, it exactly mirrors the behaviour of the softmax mapping. However,
for any o > 1, it allows for sparse solutions, a feature that distinguishes it sharply
from the traditional softmax function. In the special case where o = 2, a-entmax fur-
ther simplifies to sparsemax mapping, rendering it piece-wise linear. By providing a
bridge between dense and sparse mathematical solutions, it enables the construction
of optimized portfolios that can more effectively approximate a target index. Its abil-
ity to handle sparsity in asset selection allows for more efficient representation and
minimizes transaction costs, making it a particularly appealing approach for manag-
ing index-tracking portfolios. In the following section, we will delve into how we have
integrated the a-entmax function into our model, employing it as a pivotal component
in the construction of a sparse index-tracking portfolio.

5.2.2 Adaptive Sparse Transformer

The Transformer model, pioneered by Vaswani et al., 2017, stands as a groundbreak-
ing sequence-to-sequence (Seq2Seq) architecture that has revolutionized various do-
mains, including Natural Language Processing. Distinctively, the Transformer’s design
hinges on hierarchical multi-head attention mechanisms, which enable the dynamic
and context-sensitive mapping of input sequences to corresponding output sequences.
This innovative approach to handling sequence information marks a departure from
earlier Seq2Seq models. Traditional methods often relied on computationally intensive
components such as Long Short-Term Memory (LSTM) (Hochreiter and Schmidhuber,
1997; Luong, Pham, and Manning, 2015; Bahdanau, K. Cho, and Bengio, 2016) or static
convolutions (Gehring et al., 2017).

Within the context of n query inputs and m sequence items, attention mechanisms
function by calculating a weighted representation for each query in relation to the items
under consideration. The specific form of attention employed in the model introduced
by Vaswani et al., 2017 is known as scaled dot-product attention. This technique is
implemented as follows:

QKT
Vd

where Q € R"*¢ contains representations of the queries, K,V € R"™*? are the keys and
values of the items attended over, and d is the dimensionality of these representations.

The original Transformer architecture consists of both an encoder and a decoder,
designed for tasks like translation where the mapping between two sequences (source
and target) is required. However, a decoder-only Transformer architecture is more suit-
able and adequate for portfolio construction. In portfolio construction, the primary task
is to predict future returns or asset prices based on historical data and potentially gen-
erate portfolio weights. This involves generating a sequence of outputs from a given

Att(Qa K, V) = 7T(

)V (5.4)
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FIGURE 5.2: Transformer architecture adapted from (Vaswani et al.,
2017)
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FIGURE 5.3: Decoder-Only Transformer model with a-entmax activation
function

sequence of inputs, which is a task well-suited for a decoder-only architecture. The de-
coder can handle this autoregressive process, generating each output step-by-step, con-
ditioned on previous outputs and inputs. In addition, removing the encoder simplifies
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the model architecture, reducing the computational load and memory requirements.

To induce sparsity, in the decoder-only Transformer architecture, the 7 mapping
uses the softmax activation function to normalize the attention scores row-wise. To
encourage sparsity, we replace softmax with a-entmax. This modification results in
sparse attention weights, allowing the model to focus more selectively on significant
elements. In addition, the output of the final decoder layer contains context-aware
representations of the input sequence. These representations are then fed into a final
feed-forward neural network (FNN) to generate the output. The FNN in a Transformer
typically consists of two linear transformations with a non-linear activation function
applied in between. In our implementation, we use the tanh activation function for
the first non-linearity. To ensure sparsity in the final output, we apply a-entmax as the
activation function after the second linear transformation.

This Transformer architecture achieves sparsity at multiple levels by integrating a-
entmax into both the multi-head attention mechanisms and the final FEN. The encoder
and decoder utilize a-entmax in the multi-head attention module to selectively focus on
essential elements. The final FFN applies a-entmax activation to produce sparse port-
folio weights, which is crucial for constructing an index-tracking portfolio. Sparsity is
crucial in building an index-tracking portfolio because it simplifies the portfolio by re-
ducing the number of assets held while maintaining performance. This simplification
enhances the portfolio’s interpretability, makes it easier to manage, and lowers transac-
tion costs. Traditional softmax activation does not achieve this sparsity, as it produces
dense probability distributions where many elements have non-zero weights, resulting
in a less efficient and harder-to-interpret portfolio.

5.2.3 Objective Function

Index-tracking portfolio optimization is a process of asset selection and asset allocation
to minimize the tracking error between the constructed portfolio and the benchmark
index (Toy and Zurack, 1989; Roll, 1992; Connor and Leland, 1995; Larsen and Resnick,
1998; Jansen and Van Dijk, 2002; Prigent, 2007; Alexander and Baptista, 2010). Tracking
error (TE) measures the distance between the returns of the index tracking portfolio and
the benchmark index it is tracking (Frino and D. R. Gallagher, 2001). It is a symmetric
distance measure that penalizes positive and negative deviations from the benchmark
index, as per Equation 5.5.

T N
Ry — > iTit)?
— \/zH( L= T ) 65
w*

-1

= argmin TE
We{wi,wa,....wN}

N (5.6)

st > wi=1,0<w <1V
i=1

where R;; is the return of the benchmark index at time ¢, IV is the number of assets in
the portfolio, T is the total number of trading days, W is the set of portfolio weights
for the assets included in the index tracking portfolio, w; is the weight of asset ¢ in the
index tracking portfolio, and r;; is the return of asset i at time ¢. Finally, W* is the set
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of optimal weight of the assets in the index tracking portfolio, which minimizes the
tracking error between the portfolio and the benchmark index. Under full replication,
N is equivalent to the total assets in the benchmark index. On the other hand, for partial
replication, N can be less than or equal to the total number of assets in the benchmark
index.

Other research on index tracking includes constructing a portfolio by maximizing
excess returns while minimizing tracking errors (J. Beasley, Meade, and Chang, 2003;
Wu et al., 2007; Q. Li, Sun, and Bao, 2011). Excess returns represent the portion of
the index tracking portfolio’s return that surpasses the return of the benchmark index.
Excess return (ER) is calculated as the average excess return per period achieved by the
index tracking portfolio, or the cumulative return over the entire investment horizon.

1 T N
ER = T ; ; wiriy — R (5.7)

In this chapter, we propose to construct an index tracking portfolio by maximizing
the excess return while only minimizing the tracking error due to the downside devi-
ations from the benchmark index (TE™), as per Equation 5.8. The bi-objective function
(Ltotar) which we minimize during training is given by Equation 5.9 below,

T i SN o )2
TE™ = \/thl min ((RI% _122:1 wirit)?,0) (5.8)

Liotat = A TE™ — (1 — \) ER

(5.9)
st.0<A<1

where ) is the weight assigned to TE~. If A equals one, then our objective function only
minimizes the tracking error contributed by downside deviation. Since this work aims
to construct an index tracking portfolio, A equal to zero is a case we do not consider
because it would result in an objective function that minimizes the negative excess
return and would not yield an index tracking portfolio. A is a hyperparameter we
tuned during the optimization process.

5.3 Experimental Setup

5.3.1 Dataset

The S&P 500 index tracks the share price of the 500 largest companies. According to
S&P Global, 2021, an estimated USD 15.6 trillion is benchmarked to the index, with
indexed assets comprising approximately USD 7.1 trillion of this total (as of Dec. 31,
2021). As a result, we have selected S&P 500 index as the main focus of our experimen-
tal analysis. We obtained stock pricing data for stocks included in the S&P 500 index
from Nasdaq Data Link, Sharadar Equity Price dataset!. The full period of the dataset
is from 1st January 1997 to 31st December 2022, covering many well-known market
stress events such as the Global Financial Crisis (GCF) of 2008, and more recently, the

Mttps://data.nasdag.com/databases/SEP/data
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Coronavirus Crash of 2020, allowing us to observe how robust our proposed models
perform.

In addition, we also obtained the S&P 500 returns from Bloomberg Terminal using
the ticker SPXT Index, S&P 500 Total Return Index. In this chapter, the total return
series was used in two places. First, the backtest metric as shown in Table 5.1. Secondly,
as per Equation (5.7), we used the total return series to calculate the excess return per
period achieved by the index tracking portfolio.

5.3.2 Feature Set

We derive a set of features from the daily adjusted close price of each stock by taking
the log returns (r! 4,) over the past 1 trading day, 21 trading days, 63 trading days, 126
trading days, and finally 252 trading days:

b
P g

rifd,t =1In (5.10)
where 7 4.t 18 the natural logarithm of the d-day return of the stock i at day ¢, P} is the
adjusted close price of each stock i at time ¢t and P, _ is the adjusted close price of each
stock i, d trading days ago at time ¢. We also constructed features that would allow the
proposed model to capture various stock risk dimensions. Realized volatility RV’ over
the past 5 trading days, 21 trading days, 63 trading days, 126 trading days, and finally
252 trading days. The realized volatility of a stock ¢ is given by Equation 5.11.

. 252 o
RV i = \| 5 2 (ninin)? (5.11)
n=1

where RV} is the realized volatility of stock i at time ¢. The constant 252 represents the
approximate number of trading days in a year, IV is the number of trading days in the
measurement time frame, and r}_,, ; ,,,; is the log daily return of stock i at time ¢ — n.
Our final feature set consists of 10 features, all derived from the adjusted close prices
of each stock. Following the approach of Ong and Herremans (2023), our feature cre-
ation strategy intentionally limits the complexity of feature engineering. This ensures
that the observed performance of our portfolios is primarily due to the efficacy of our
architectural design rather than the ingenuity or specificity of the features used. This
approach underscores our commitment to validating the inherent strength and adapt-
ability of our architecture in constructing a better index-tracking portfolio. While sound
feature engineering could potentially enhance the model’s performance, it is not the
goal of this chapter. The focus remains on demonstrating the robustness and capability

of the model’s architecture itself.

5.3.3 Benchmark Models

We have constructed a number of index tracking portfolios to serve as the reference
benchmarks for our proposed model’s performance.

¢ The Top-k portfolio is constructed by purchasing the largest stocks by market
capitalization in the S&P 500 index and rebalancing monthly. We consider three



Chapter 5. Index tracking portfolio with an Adaptive Sparse Transformer 55

variants of the Top-k portfolio: the top 100, top 50, and top 10 stocks by market
capitalization.

¢ Tracking error minimization (TEM) (Prigent, 2007) portfolio is constructed by
solving Equation 5.5 and rebalancing monthly. We evaluate three variants of the
TEM portfolio: one uses the top 100 S&P 500 index constituents by market cap-
italization (TEM 100), another uses the top 50 constituents by market capitaliza-
tion (TEM 50), and the third uses the top 10 constituents by market capitalization
(TEM 10).

* Deep Neural Network with Fixed noise (Deep NNF) (Kwak, Song, and H. Lee,
2021) is a model consisting of six fully connected layers. Each layer uses ReLU
activation functions, with dropout applied to prevent overfitting. The inclusion
of fixed noise in the network is aimed at enhancing robustness and improving the
prediction accuracy for index-tracking portfolio optimization.

The Top-k market capitalization tracking portfolio is the most well-known heuristic-
driven portfolio. Although constructing an index tracking portfolio in such a fashion
is very straightforward, this approach can result in a highly concentrated portfolio of
a few large-cap stocks, as these stocks have a higher market capitalization and, there-
fore, a larger weight in the index. This concentration can lead to significant exposure
to stock-specific risk and may incur sizeable cumulative tracking errors over time. In
addition to stock-specific risks, constructing a replication portfolio like this can result
in a biased portfolio towards specific sectors. We have selected top-10, top-50 and top-
100 to show the risk-return and turnover effects of concentrated and less concentrated
tracking portfolios constructed.

The Tracking Error Minimization (TEM) portfolio, constructed by solving a specific
optimization problem and rebalancing monthly, aims to minimize deviation from the
benchmark index. We evaluate TEM 100, TEM 50, and TEM 10 variants. This method
provides a systematic and theoretically sound approach to index tracking, reducing
tracking error and allowing for customization. However, it may incur high turnover,
leading to increased transaction costs and tax implications, and its complexity requires
advanced optimization techniques and tools, potentially resulting in significant market
impact when dealing with less liquid stocks.

The Deep Neural Network with Fixed Noise (Deep NNF) portfolio uses a deep
learning model with six fully connected layers, ReLU activation functions, and dropout
to prevent overfitting. The inclusion of fixed noise enhances robustness and prediction
accuracy. This innovative approach leverages advanced machine learning techniques
to capture complex market patterns and improve tracking accuracy. Nevertheless, it
is highly complex to design, train, and implement, requiring substantial expertise and
computational resources. Additionally, the model’s inner workings may be less trans-
parent to investors, posing operational risks such as model errors, parameter selection
issues, and overfitting.

In summary, we have seven benchmark index tracking portfolios. Each approach
has its strengths and weaknesses: Top-k portfolios offer simplicity and liquidity but
suffer from concentration and sector bias; TEM portfolios provide systematic error
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minimization but come with high turnover and complexity; and Deep NNF portfo-
lios leverage advanced machine learning for potentially higher accuracy and robust-
ness but are complex and less transparent. Comparing these methods allows us to as-
sess the risk-return profiles, turnover rates, and tracking accuracies of heuristic-driven,
optimization-based, and machine learning-based index-tracking approaches.

5.3.4 Backtest Specifications

v

. Training Set D Validation Set D Testing Set

FIGURE 5.4: Sliding window cross-validation. Adapted from Ong and
Herremans (2023).

Our proposed model is trained using an expanding window cross-validation ap-
proach with the first batch of training data spanning a period of 5 years, as illustrated
in Figure 5.4. Throughout the training phase, 20% of the data was allocated for val-
idation purposes. The trained models were then utilized to construct portfolios for
the test set, with each portfolio corresponding to a year’s worth of out-of-sample data.
This process was repeated 20 times, resulting in an out-of-sample backtest period from
January 2005 to April 2024.

Parameters Values
Looback Period 20, 60, 120
No. of Encoder Layers 2,4,6,8,10
Input Dimension 128, 256, 512
No. of Attention Heads 2,4,8,12
Learning Rate 0.1, 0.001, 0.0001
Liotar(N) 0.2,0.4,0.6,0.8

TABLE 5.1: Hyperparameter Search Space.
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During the backtesting phase, our model underwent training on the designated
training dataset. We employed Stochastic Gradient Descent (SGD) with the Adam op-
timizer to minimize the loss functions. We conducted a grid search on the validation
set, guided by the parameter search space outlined in Table 5.1. The training process
was designed to conclude after 20 epochs; however, we incorporated an early stopping
mechanism that halts training if there’s no improvement in validation loss over 5 con-
secutive epochs. Utilizing an expanding window approach for out-of-sample training
and validation, the final training iteration—covering data from January 2005 to April
2024—required approximately 1 hour on a system equipped with an NVIDIA GeForce
RTX 2090.

5.4 Experiment results and analysis

5.4.1 Performance Evaluation

Portfolios Ann. Return (%) Sharpe Max DD(%) Ann. TE (%)
SPXT 9.81 0.51 -55.25 N.A.
Top-10 10.27 0.48 -58.04 10.00
Top-50 9.94 0.51 -54.65 6.00
Top-100 9.78 0.51 -54.62 5.00
TEM-10 13.77 0.79 -42.13 7.00
TEM-50 13.95 0.77 -43.74 5.00
TEM-100 13.76 0.75 -47.09 5.00
Deep NNF 12.94 0.63 -58.95 6.47
DeeplndexTracker(a-entmax) 15.60 0.80 -57.51 2.99

TABLE 5.2: Backtest metrics (net) from January 2005 to April 2024. Trans-
action costs were set at 20 bps and only the index tracking portfolios are
adjusted for costs.

The experimental results detailed in Table 5.2 provide a comprehensive overview
of the performance of various index tracking portfolios from January 2005 to April
2024, with adjustments for a transaction cost of 20 basis points. The SPXT, serving
as the benchmark index, achieved an annual return of 9.81% with a Sharpe ratio of
0.51 but faced a significant maximum drawdown of -55.25%. The Top-10, Top-50, and
Top-100 portfolios, which select and weight the top-k stocks by market capitalization,
showed moderate performance variations. The Top-10 portfolio, for instance, achieved
an annual return of 10.27% and a Sharpe ratio of 0.48, with a maximum drawdown
of -58.04% and a high annual tracking error of 10.0%. This high tracking error reflects
the concentration risk of holding only the top 10 stocks, making it more susceptible to
individual stock volatility. The Top-50 and Top-100 portfolios performed slightly better
in terms of drawdown and tracking error due to increased diversification. The Top-
50 portfolio recorded a 9.94% annual return, a 0.51 Sharpe ratio, a -54.65% maximum
drawdown, and a 6.0% annual tracking error. Similarly, the Top-100 portfolio posted an
annual return of 9.78%, a 0.51 Sharpe ratio, a -54.62% maximum drawdown, and a 5.0%
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annual tracking error, indicating that broader diversification helps align performance
more closely with the benchmark index.

The TEM (Tracking Error Minimization) series portfolios, optimized to minimize
tracking error, outperformed traditional market cap-weighted portfolios. The TEM-10
portfolio achieved an annual return of 13.77%, a Sharpe ratio of 0.79, and the low-
est maximum drawdown at -42.13%. This demonstrates that optimization techniques
can enhance performance, yielding higher returns and better risk management. Simi-
larly, the TEM-50 and TEM-100 portfolios showed strong results, with annual returns
of 13.95% and 13.76%, Sharpe ratios of 0.77 and 0.75, and maximum drawdowns of
-43.74% and -47.09%, respectively.

The Deep NNF portfolio, leveraging a deep learning model, exhibited mixed per-
formance. It delivered an annual return of 12.94% and a Sharpe ratio of 0.63, indicating
a good balance between risk and return. However, it experienced the highest maximum
drawdown at -58.95% and a relatively high annual tracking error of 6.47%, suggesting
greater deviation from the benchmark index due to sensitivity to market conditions
and stock volatility.

The DeepIndexTracker portfolio emerged as the best performer among the eval-
uated strategies. It achieved the highest annual return of 15.60%, significantly out-
performing other portfolios, including the SPXT benchmark. This strong return high-
lights the effectiveness of DeepIndexTracker(a-entmax)in capturing market opportuni-
ties. Additionally, the proposed DeepIndexTracker recorded the highest Sharpe ratio
of 0.80, reflecting a superior risk-adjusted return. Despite a relatively high maximum
drawdown of -57.51%, it maintained the lowest annual tracking error at 2.99%, indicat-
ing precise alignment with the benchmark index and making it an attractive choice for
investors seeking high returns and effective risk management.

5.4.2 Ablation study

In this section, we perform an ablation study to investigate the effects of sparsity on
the performance of index tracking portfolio. Specifically, we compare the performance
differences between softmax, sparsemax, and a-entmax.

Portfolios Ann. Return (%) Sharpe Max DD(%) Ann. TE (%)
SPXT 9.81 0.51 -55.25 N.A.
DeeplndexTracker(Softmax) 10.87 0.54 -49.71 52
DeeplndexTracker(Sparsemax) 13.37 0.61 -38.96 9.66
DeeplndexTracker(a-entmax) 15.60 0.80 -57.51 2.99

TABLE 5.3: Backtest metrics (net) from January 2005 to April 2024. Trans-
action costs were set at 20 bps and only the index tracking portfolios are
adjusted for costs.

The results from the ablation study reveal distinct performance characteristics among
the index tracking portfolios using softmax, sparsemax, and a-entmax activation func-
tions, compared against the S&P 500 Total Return Index (SPXT). All three portfolios
outperformed the benchmark in terms of annualized returns, with the a-entmax port-
folio achieving the highest return of 14.58%, followed by the sparsemax portfolio at
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13.37% and the softmax portfolio at 10.87%. When assessing risk-adjusted perfor-
mance, the a-entmax portfolio also stood out, boasting the highest Sharpe ratio of
0.75, indicating superior risk-adjusted returns. The sparsemax portfolio demonstrated
a solid Sharpe ratio of 0.61, while the softmax portfolio achieved a ratio of 0.54, exceed-
ing the benchmark’s Sharpe ratio of 0.51.

However, the emphasis on tracking error is crucial since the primary goal is in-
dex tracking. The a-entmax portfolio exhibited the lowest annualized tracking error of
2.75%, suggesting it most closely followed the benchmark. This critical metric indicates
the portfolio’s alignment with the index, making the a-entmax portfolio the most effec-
tive in replicating the benchmark’s performance. In contrast, the sparsemax portfolio,
despite its impressive returns and robust risk-adjusted performance, had the highest
tracking error at 9.66%. This indicates more substantial deviations from the bench-
mark, which might be less desirable for strict index tracking objectives. The softmax
portfolio presented a more balanced approach with a tracking error of 5.2%, reflect-
ing moderate alignment with the benchmark while still achieving better performance
metrics compared to the SPXT.

In terms of maximum drawdown, the a-entmax portfolio experienced the largest
decline at -57.67%. Conversely, the sparsemax portfolio had the lowest drawdown
at -38.96%, and the softmax portfolio showed a reduced drawdown compared to the
benchmark, at -49.71%. Despite the larger drawdown of the a-entmax portfolio, it re-
mains the preferred choice for index tracking due to its superior ability to closely follow
the benchmark. The portfolio’s low tracking error of 2.75% indicates a high correlation
with the benchmark, minimizing deviations and ensuring that the portfolio accurately
reflects the index’s movements. This close alignment is crucial for investors whose pri-
mary goal is to replicate the benchmark’s performance rather than outperform it by
taking on additional risk.

Furthermore, the benchmark’s maximum drawdown of -55.25% suggests that the
slight increase in drawdown for the a-entmax portfolio (-57.67%) is marginal and ac-
ceptable within the context of achieving minimal tracking error. Additionally, the a-
entmax portfolio compensates investors with higher returns, making it an attractive
option for those focused on precise index replication while also benefiting from supe-
rior performance.

5.5 Conclusion

In this chapter, we propose a novel index tracking portfolio construction methodology
using an adaptive sparse Transformer model. Our model was implemented in Python
with PyTorch, the full source code of the model is available online?. We first construct
a set of features incorporating the return and volatility profile of each constituent in the
index. Then using the proposed model, we trained the model to construct a portfolio
by minimizing the tracking error between the constructed portfolio and the index and
maximizing the excess return generated during training. We conducted extensive ex-
periments and demonstrated that the proposed approach consistently outperforms all
benchmark models in terms of an excess return caused while incurring a lower tracking
error. Thus, making our proposed model a desirable approach to constructing an index

thtps ://github.com/joelowj/adaptive-sparse-transformer-index-tracking-portfolio


https://github.com/joelowj/adaptive-sparse-transformer-index-tracking-portfolio

Chapter 5. Index tracking portfolio with an Adaptive Sparse Transformer 60

tracking portfolio. Future research directions include extending our results to include
the fixed income and commodities market index and adopting Explainable Artificial
Intelligence (XAI) approaches to understand and verify the portfolio constructed by
the proposed model.
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Chapter 6

CurveMMOoE: A Deep Multi-Task
Learning with Multi-Gate Mixture
of Experts Approach for Trading
Commodity Futures Curves

6.1 Introduction

Building on this foundation, we explore how deep learning can be applied not only to
construct optimized portfolios but also to learn and predict futures curve dynamics. By
integrating these capabilities, we develop a comprehensive architecture that is specifi-
cally designed to enhance trading strategies for commodities futures curves, effectively
combining portfolio construction with dynamic market insights.

Curve trading is a sophisticated strategy employed in both the commodities mar-
kets (Bouchouev, 2012; F. Yang, 2013; Szymanowska et al., 2014; W. Kang, Rouwenhorst,
and Tang, 2020). It involves exploiting the price differences between contracts of vary-
ing maturities. At its core, curve trading leverages the futures curve—a graphical rep-
resentation of the prices of contracts for a given asset across different maturities. This
approach provides insights into market expectations and potential arbitrage opportu-
nities. In commodities, the futures curve can manifest in two primary forms: contango
and backwardation (Cootner, 1960; Roon, Nijman, and Veld, 2000; Feldman and Till,
2006; Chincarini and Moneta, 2021; Idilbi-Bayaa and Qadan, 2021; Rau-Bredow, 2022).
Contango occurs when futures prices are higher than the spot price, often due to carry-
ing costs such as storage and insurance. Backwardation, on the other hand, arises when
futures prices are lower than the spot price, typically due to immediate supply short-
ages or strong demand for prompt delivery. Curve trading involves various strategies
to capitalize on the conditions of contango and backwardation. In a contango market,
a common strategy might involve buying the near-month contract and selling the far-
month contract to capture the spread as it narrows over time. Conversely, in a back-
wardated market, traders might sell the near-month contract and buy the far-month
contract, profiting from the convergence of prices as the contracts approach maturity.

One of the key advantages of commodities curve trading is its ability to mitigate
some of the risks associated with outright directional bets on commodity prices. By
focusing on the relative value between different maturities, traders can reduce expo-
sure to broader market movements and instead concentrate on the more predictable
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FIGURE 6.1: The graph depicts the futures curve for WTI Crude oil on
two dates, May 5, 2021 (green line) and May 10, 2021 (red line). It shows
the settlement prices of futures contracts across different maturities.

elements of the futures curve. This strategy can be applied across a wide range of
commodities, including energy products like crude oil and natural gas, agricultural
products such as wheat and corn, and metals like gold and copper.

Curve trading represents a nuanced and strategic approach to navigating the com-
plexities of both commodities and fixed income markets. By comprehending and lever-
aging the subtleties of the futures curve in commodities and the yield curve in fixed
income, traders can capitalize on the inherent inefficiencies and dynamics of these mar-
kets. As the trading landscape continues to evolve, those who can adeptly navigate the
complexities of curve trading will be well-positioned to achieve significant returns.

6.1.1 Literature Review

Futures curves, representing the prices of futures contracts across different maturities,
are crucial in financial markets. Understanding the dynamics of these curves can pro-
vide insights into market expectations, risk management, and trading strategies. This
review synthesizes key findings from the literature on the dynamics of futures curves,
focusing on level, slope, and curvature changes and their implications.

The Nelson-Siegel model, introduced by Charles Nelson and Andrew Siegel in
1987, has become a seminal framework for modeling the term structure of interest
rates (Nelson and Siegel, 1987). This model provides a parsimonious and flexible repre-
sentation of the yield curve, capturing its key characteristics through three interpretable
factors: level, slope, and curvature. Over the years, the Nelson-Siegel model has been
extensively studied, adapted, and applied in both academic research and practical fi-
nancial applications. This literature review explores the model’s development, theo-
retical underpinnings, empirical applications, and subsequent extensions. The Nelson-
Siegel model can be adapted to commodities to express changes in the level, slope, and
curvature of the futures curve. The futures price F(¢,7) at time ¢ for a contract with
maturity 7 is given by:

Fit.r) = o) +510) (L5 ) 00 (5 —e ) )



Chapter 6. CurveMMOoE: A Deep Multi-Task Learning with Multi-Gate Mixture of

Experts Approach for Trading Commodity Futures Curves 63

The changes in the level (ASy(t)), slope (ApB1(t)), and curvature (ApSz(t)) are ex-
pressed as follows:

Apo(t) = Po(t) — Bol(t — 1) (6.2)
Api(t) = pu(t) = Bult — 1) (6.3)
ABa(t) = B2(t) — Ba(t — 1) (6.4)

Therefore, the change in futures price AF'(t, 7) at time ¢ for a contract with maturity
T can be expressed as:

1— e*)\T 1— ef)\r e
AF(r) = a0+ 250 (1550 )+ am0 (55T —e) 69)

where:

* AF(t,7)is the change in futures price at time ¢ for a contract maturing in 7 peri-
ods.

* Apy(t) represents the change in the overall level of the futures curve.
* Ap(t) represents the change in the slope of the futures curve.

* Aps(t) represents the change in the curvature of the futures curve.
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FIGURE 6.2: The figure illustrates the effects of changes in the level,

slope, and curvature of futures curve. Each subplot shows the original

curve (dark line) and the modified curve (light line) with corresponding
curve dynamics indicated by arrows.

The Nelson-Siegel model was designed to address the limitations of earlier term
structure models, such as the need for a flexible yet parsimonious representation of the
yield curve. The model expresses the yield at a given maturity as a combination of three
components: a long-term factor (level), a short-term factor (slope), and a medium-term
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factor (curvature). It has been widely adopted for its empirical robustness and ease
of estimation. Diebold and C. Li, 2006 provided a comprehensive application of the
model to forecast the yield curve, demonstrating its predictive power and practical
utility. They extended the model into a dynamic framework, known as the Dynamic
Nelson-Siegel model, by allowing the factors to follow a vector autoregressive process.
This extension significantly improved the model’s ability to capture the evolution of
the yield curve over time. Several extensions and enhancements to the Nelson-Siegel
model have been proposed to address its limitations and improve its performance.
One notable extension is the Arbitrage-Free Nelson-Siegel (AFNS) model, introduced
by Christensen, Diebold, and Rudebusch, 2011. The AFNS model incorporates no-
arbitrage conditions into the original framework, ensuring consistency with financial
theory and improving its applicability for pricing and risk management. Another sig-
nificant development is the incorporation of regime-switching dynamics, as proposed
by E. Bianchi, Mumtaz, and Surico, 2009. This approach allows the model parameters
to change according to different economic regimes, capturing the non-linear behavior
of the yield curve under varying economic conditions.

Comparative studies have been conducted to evaluate the performance of the Nelson-
Siegel model against other term structure models. For instance, Pooter, 2007 compared
the Nelson-Siegel model with the Svensson model, a more flexible extension that in-
cludes additional curvature terms. The study found that while the Svensson model
can provide a better fit in certain cases, the Nelson-Siegel model’s simplicity and inter-
pretability often make it a preferred choice. Similarly, Almeida, Graveline, and Joslin,
2011 compared the predictive performance of the Nelson-Siegel model with affine term
structure models. Their findings indicated that the Nelson-Siegel model performs com-
petitively, especially in short-term forecasting horizons.

Despite its widespread use, the Nelson-Siegel model has criticisms. One limitation
is its inability to fully capture the no-arbitrage conditions essential for pricing deriva-
tives and managing financial risks. Moreover, the model’s static nature in its original
form can limit its ability to adapt to sudden market changes. Another criticism is re-
lated to the choice of the decay parameter A\. While it provides flexibility, the optimal
selection of A can be challenging and may impact the model’s performance.

The Nelson-Siegel model has established itself as a foundational tool in the mod-
eling of yield curves, offering a balance between simplicity, flexibility, and empirical
robustness (Diebold and C. Li, 2006; Annaert et al., 2013). Its theoretical founda-
tions, coupled with extensive empirical applications, have cemented its role in both
academic research and practical financial analysis. While subsequent extensions and
enhancements have addressed some of its limitations, the core Nelson-Siegel frame-
work remains highly relevant. Future research is needed to explore ways to integrate
the model with more advanced financial theories and computational techniques, en-
suring its continued evolution and applicability in an increasingly complex financial
landscape. The adaptation of the Nelson-Siegel model to commodities markets further
demonstrates its versatility and utility in understanding and forecasting futures curve
dynamics (Bredin, O’Sullivan, and Spencer, 2021; R. J. Bianchi et al., 2023).
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6.1.2 Owur Contributions

This chapter introduces a novel approach that delves into the exploitation of commodi-
ties curve dynamics, particularly in terms of level and slope changes. The level of the
futures curve, which reflects the overall price level of the futures contracts, offers in-
sights into the general pricing environment for a commodity. On the other hand, slope
changes indicate the rate at which prices increase or decrease across different maturi-
ties, unveiling the contango or backwardation states of the market. By dissecting these
dynamics, we aim to pinpoint trading opportunities that emerge from shifts in the fu-
tures curve’s level and slope, leading to more effective trading strategies. For instance,
a steepening curve (increasing slope) might signal rising future prices, suggesting a po-
tential buying opportunity for longer-dated contracts while selling shorter-dated ones.
Conversely, a flattening curve (decreasing slope) could indicate falling future prices,
which might be exploited by selling longer-dated contracts and buying shorter-dated
ones. Additionally, shifts in the curve level can indicate overall changes in market sen-
timent or supply-demand conditions, offering further trading insights.

Our primary contribution is introducing a deep multi-task learning framework
combined with a Mixture of Experts (MoE) model specifically designed to predict the
futures curve’s dynamics in commodities markets. This novel approach leverages the
strengths of multi-task learning and MoE to simultaneously predict multiple aspects
of the future curve, namely the level and slope changes. This is the first instance of
such a model being applied in this context, making it a groundbreaking development.
The proposed model significantly outperforms benchmark models traditionally used
in commodities curve trading, demonstrating higher predictive accuracy, robustness,
and generalization capabilities. The dynamic adjustment of contributions from various
LSTM experts through gating networks ensures that the most relevant features are uti-
lized for each specific prediction task, leading to superior performance. This enhanced
capability translates into more effective trading strategies, as evidenced by higher prof-
itability and reduced risk in back-testing scenarios.

Furthermore, by focusing on level and slope changes, we provide a detailed frame-
work for commodities curve trading that leverages the predictive power of our pro-
posed model. This framework includes specific trading strategies based on the model’s
predictions, such as exploiting a steepening or flattening futures curve to guide trading
decisions. Our analysis of level changes also offers actionable insights into market sen-
timent and supply-demand conditions, enabling traders to make informed decisions
based on overall shifts in the pricing environment. The integration of advanced ma-
chine learning techniques, such as LSTM networks and gating mechanisms within the
Mixture of Experts framework, allows for the effective handling of time-series data and
the dynamic adjustment of model components to better capture temporal dependen-
cies and varying market conditions. The comprehensive evaluation and validation of
our model using extensive historical data from various commodities markets further
validate its effectiveness and practical utility in real-world trading scenarios, providing
a solid foundation for its application in the field.

In conclusion, this chapter significantly contributes to commodities trading by in-
troducing a novel deep multi-task learning framework with a Mixture of Experts for
predicting futures curve dynamics. The proposed model outperforms traditional bench-
mark models and provides a detailed framework for practical trading strategies based
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on level and slope changes. By integrating advanced machine learning techniques and
providing comprehensive validation, we establish a robust and innovative approach to
navigating the complexities of commodities markets, offering traders a powerful tool
for achieving significant returns.

6.2 Proposed Model

6.2.1 Overview

The depicted architecture exemplifies a sophisticated multi-task learning framework (Caru-
ana, 1997; Sebastian Thrun, 1998; Ruder, 2017) utilizing a Mixture of Experts (MoE)
approach, designed to concurrently handle multiple tasks by leveraging the distinct
capabilities of various model components (J. Ma et al., 2018). At its core, the system pro-
cesses input features through six Long Short-Term Memory (LSTM) networks (Hochre-
iter and Schmidhuber, 1997), each serving as an independent expert. LSTM networks
are particularly adept at capturing long-term dependencies in sequential data, making
them ideal for tasks involving temporal patterns. The outputs from these six experts,
which encapsulate diverse representations of the input data, are subsequently fed into
three distinct gating networks. Each gating network corresponds to a specific task and
functions to dynamically determine the relevance and contribution of each expert’s
output to the task at hand. This is achieved through a weighted combination of the
experts” outputs, where the weights reflect the importance assigned to each expert for
the given task.

Outputs of 6 Experts

Gating
Network 2

FIGURE 6.3: The architecture of a Mixture of Experts (MoE) model with
Long Short-Term Memory (LSTM) networks. The model includes six
LSTM experts that process input features in parallel. The outputs from
these experts are fed into three separate gating networks. Each gating
network determines the contribution of each expert’s output for a spe-
cific task and combines them to produce the final output. The results
from the gating networks are then passed to feedforward neural net-
works (FNNSs), each responsible for a distinct task (Task 1, Task 2, Task
3), enabling multi-task learning.
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For each task, the architecture is specifically designed to predict different aspects of
future curve dynamics a few steps ahead. This includes forecasting the level change,
which refers to the overall shift in the price levels of future contracts, and providing
insights into general pricing trends and market sentiment. Additionally, it predicts the
slope change, indicating the rate at which prices increase or decrease across different
maturities, offering critical information about the contango or backwardation states
of the market. These forward-looking predictions are crucial for understanding and
exploiting the nuances of futures curve dynamics.

The architecture’s design offers several advantages, including enhanced special-
ization and flexibility, as the gating networks enable the model to adaptively utilize
the most relevant information for each task. Additionally, the shared use of experts
across tasks promotes efficient resource utilization and improved generalization capa-
bilities (Ghosn and Bengio, 1996; Baxter, 2000; Ruder, 2017; Liebel and Korner, 2018).
The integration of LSTM networks and gating mechanisms also ensures robustness
in handling complex, time-dependent data, while the interpretability afforded by the
gating networks facilitates an understanding of the model’s decision-making process.
Overall, this multi-task learning framework with MoE exemplifies a powerful and
flexible approach for complex data analysis, particularly in predicting the dynamic
changes in the futures curve, highlighting its potential for diverse applications in fi-
nance.

6.2.2 Feature Inputs

Feature engineering is a crucial step in enhancing the predictive performance of the
multi-task learning framework with a Mixture of Experts (MoE) model. For this archi-
tecture, the following features have been engineered to provide comprehensive inputs
that capture the dynamics of the futures contract curve:

* Change in Level: This feature represents the overall shift in the price levels of
the futures contracts. It is calculated as the difference in price levels between
consecutive time periods. This feature provides insights into the general pricing
environment and helps the model understand trends in the market.

¢ Change in Slope: The slope of the futures curve is determined by the difference
in prices between contracts of different maturities. The change in slope is com-
puted as the difference in these slopes over time. This feature indicates the rate
at which prices are increasing or decreasing across maturities, capturing the state
of contango or backwardation in the market.

¢ Change in Curvature: Curvature measures the acceleration or deceleration of
price changes between maturities. The change in curvature is calculated as the
variation in this curvature over time, providing additional granularity to the
slope changes and helping the model understand more complex price dynam-
ics.

¢ Change in Volume: This feature captures the change in trading volume for the fu-
tures contracts. Volume changes can indicate market interest and liquidity, which
are crucial for understanding price movements and potential volatility.
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¢ Change in Open Interest: Open interest refers to the total number of outstand-
ing contracts. The change in open interest is calculated to provide insights into
market participation and sentiment. Increasing open interest might indicate new
positions being taken, while decreasing open interest might suggest positions be-
ing closed.

¢ Including the calendar day and month helps the model account for seasonal ef-
fects and time-based patterns. Many commodities exhibit seasonal behaviors,
and incorporating these temporal features allows the model to learn and predict
these patterns more effectively.

¢ The contract symbol uniquely identifies the futures contract and can encode spe-
cificinformation about the contract’s characteristics. This categorical feature helps
the model differentiate between various contracts and their unique behaviors.

These engineered features are fed into the multi-task learning framework as inputs.
Each feature contributes to the understanding of the futures curve dynamics, providing
the model with the necessary information to make accurate predictions. We have a
total of 9 feature types. For the delta features—change in level, change in slope, change
in curvature, volume changes, and open interest changes—we calculate the changes
over three different trading day intervals: 3, 5, 10, 15, and 20 days. This approach
allows the model to capture short-term, medium-term, and long-term trends in the
market dynamics. By analyzing these changes over different time horizons, the model
gains a more nuanced understanding of the temporal patterns and can make more
informed predictions. As a result, we have a total feature count of 25. This diverse and
comprehensive set of features ensures that the model captures the multifaceted nature
of the futures market, enhancing its predictive accuracy and robustness.

6.2.3 Gating Networks

The Gating Network in a Mixture of Experts (MoE) model plays a critical role in dy-
namically determining the contribution of each expert to the final output. The math-
ematical formulation of the Gating Network and its integration into the MoE model
enhances the model’s flexibility and accuracy by allowing it to leverage the most rele-
vant information from multiple experts.

Each gating network processes the input features through a feedforward neural
network (FFN) to produce raw scores z(%) for each expert:

z#) = FFN®)(x) fork =1,2,3 (6.6)

The raw scores are then passed through a sparsemax activation function to obtain
the gating weights g(¥):

g®) = Sparsemax(z*) fork =1,2,3 (6.7)

Sparsemax is defined as:

_ : 12
Sparsemax(z) = arg pe%%\?*l Ilp — z|| (6.8)
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FIGURE 6.4: The diagram illustrates the architecture of a Gating Net-
work within a Mixture of Experts (MoE) model used for multi-task learn-
ing. The Gating Network, highlighted in red, receives features as inputs
and processes them through a Feedforward Neural Network (FFN). The
output of this FFN is then passed through a Sparsemax activation func-
tion, which assigns a sparse set of weights to the outputs of six experts.

Each expert produces an output based on the input features:

Yi = fexperti (x) fori=1,....M (6.9)

The final output for each gating network is a weighted sum of the expert outputs,
where the weights are determined by the gating network:

M
y® =37 gy, (6.10)
=1

6.2.4 Task Specific Networks
The Mean Squared Error (MSE) for each task is defined as follows:

N

1 .
N Z(ylevel,i - ylevel,z‘)2 (611)
=1

N

1 N
MSEslope = N Z(yslope,i - yslope,i)2 (6.12)
i=1

MSElevel =

N
1 .
MSEcurvature = N ;(ycurvature,i - ycurvature,i)2 (613)

The combined loss function for minimizing the overall Mean Squared Error (MSE)
across all tasks is then given by:

Loss = min (MSEjeyel + MSEgjope + MSEcurvature) (6.14)
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where:

Ulevel,; : Predicted Level Delta for the i-th sample

Ylevel; : Actual Level Delta for the i-th sample

Tslope,i : Predicted Slope Delta for the i-th sample

Yslope,i * Actual Slope Delta for the i-th sample
Ucurvature,; : Predicted Curvature Delta for the i-th sample
Yeurvature,i © Actual Curvature Delta for the i-th sample

Target Level

Target Slope

Curvature

FIGURE 6.5: The diagram illustrates a multi-task learning framework

for predicting futures curve dynamics using task-specific Feedforward

Neural Networks (FNNs). Task 1 predicts the Level Delta, Task 2 pre-

dicts the Slope Delta, and Task 3 predicts the Curvature Delta. Each

prediction is compared to its target (Level, Slope, Curvature Deltas) us-
ing Mean Squared Error (MSE) as the objective function.

6.3 Experimental Setup

6.3.1 Dataset

For the dataset, we utilize commodities included in the Bloomberg Commodities In-
dex (BCOM), comprising a total of 24 commodities. The data spans from January 1,
2000, to December 31, 2023, and the futures contracts data has been extracted from the
Bloomberg Terminal.

Using the Bloomberg Commodities Index (BCOM) data as our universe provides
several advantages for conducting comprehensive and robust analysis in commodities
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FIGURE 6.6: The diagram illustrates the structure of the Bloomberg
Commodities Index (BCOM), which comprises 24 commodities

trading and research. The BCOM index includes a wide range of commodities across
different sectors, such as Energy, Metals, and Agriculture, ensuring that the analysis
encompasses various market dynamics and factors, providing a holistic view of the
commodities market. BCOM is a widely recognized and respected benchmark in the
commodities markets, used by investors, traders, and analysts to gauge the perfor-
mance of the commodities sector. Utilizing BCOM data aligns our research with indus-
try standards and facilitates comparisons with other studies and benchmarks. The data
spans over two decades, from January 1, 2000, to December 31, 2023, allowing for long-
term analysis and identifying trends, cycles, and patterns that may not be apparent in
shorter timeframes. Data consistency over such a long period enhances the reliability of
the research findings. Furthermore, the futures contracts data for BCOM commodities
are extracted from the Bloomberg Terminal, which is known for its accuracy, compre-
hensiveness, and timely updates. High-quality data is crucial for conducting precise
analysis and drawing valid conclusions, reducing the risk of errors and biases.

6.3.2 Benchmark Models

We have used both the Nelson-Siegel model and the LSTM + FFN model as benchmarks
to rigorously evaluate the performance of our proposed model on the Level and Slope
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portfolios. By comparing our model against these established approaches, we aim to
highlight the significant improvements and advantages our model offers in predicting
and capitalizing on futures curve dynamics.

¢ The Nelson-Siegel model (Nelson and Siegel, 1987; R. ]J. Bianchi et al., 2023) is a
tool traditionally used for modeling the term structure of interest rates, but it can
also be effectively applied to commodities. In this context, it is used to describe
the term structure dynamics of futures prices across different maturities. The
model uses a small number of parameters to capture the entire curve’s shape,
making it useful for both fitting historical data and forecasting future curves.
This ability to succinctly represent the term structure makes the Nelson-Siegel
model a valuable benchmark for evaluating our proposed model, as it provides
a well-established, parsimonious approach to understanding and predicting fu-
tures curve dynamics in commodities markets.

¢ The LSTM + FEN model (Zihao Zhang, Zohren, and Roberts, 2020) combination
forms a relatively simple yet powerful deep learning model, making it particu-
larly useful for predicting future changes in commodities markets, where both the
temporal sequence of prices and the nonlinear interactions between different ma-
turities play crucial roles. We use this model as a benchmark because, despite its
simplicity compared to more advanced architectures, it leverages essential deep
learning techniques that provide a solid foundation for comparison. This allows
us to rigorously evaluate the performance of our more complex proposed model,
highlighting its advantages in accurately predicting the level and slope dynamics
of the futures curve.

6.3.3 Backtest Specifications

Our proposed model is trained using an expanding window cross-validation approach
with the first batch of training data spanning a period of 5 years, as illustrated in Fig-
ure 5.4. Throughout the training phase, 20% of the data was allocated for validation
purposes. The trained models were then utilized to construct portfolios for the test set,
with each portfolio corresponding to a year’s worth of out-of-sample data. This pro-
cess was repeated 20 times, resulting in an out-of-sample backtest period from January
2005 to Dec 2023.

Parameters Values
Number of LSTM Layers 1,2,3
LSTM Hidden Units 64, 126,252,512
Number of LSTM Experts 3,6,9,12
Task-Specific Netowrk Layers 2,3,4

Task-Specific Network Hidden Units 64, 126, 252, 512

TABLE 6.1: Hyperparameter Search Space.

During the backtesting phase, our model underwent training on the designated
training dataset. We employed Stochastic Gradient Descent (SGD) with the Adam op-
timizer to minimize the loss functions. We conducted a grid search on the validation
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set, guided by the parameter search space outlined in Table 6.1. The training process
was designed to conclude after 20 epochs; however, we incorporated an early stopping
mechanism that halts training if there’s no improvement in validation loss over 5 con-
secutive epochs. Utilizing an expanding window approach for out-of-sample training
and validation, the final training iteration—covering data from January 2005 to Dec
2023—required approximately 3 hour on a system equipped with an NVIDIA GeForce
RTX 2090.

6.3.4 Performance Evaluation

The Level and Slope portfolios are constructed using the predictions generated by the
CurveMMOE model, specifically designed to forecast changes in the level and slope
of futures curve dynamics a few time steps ahead. For the Level Portfolio, the con-
struction process begins with the CurveMMOE model’s predictions of level changes,
representing the overall shifts in the price levels of futures contracts. Based on these
predictions, the portfolio is strategically adjusted by selecting and weighing futures
contracts that align with the expected price trends. For instance, if a positive level
change is anticipated, the portfolio would go long on contracts expected to appreciate
in value, whereas a negative level change prediction might lead to shorting or reducing
exposure to certain contracts. The primary objective of the Level Portfolio is to capi-
talize on general pricing trends by aligning the portfolio with anticipated upward or
downward movements in price levels.

On the other hand, the Slope Portfolio is constructed using predictions of slope
changes, which indicate the rate at which prices increase or decrease across differ-
ent maturities, providing critical insights into the market’s contango or backwardation
states. The portfolio is adjusted to buy or sell contracts of varying maturities depend-
ing on the predicted slope change. For example, an increasing slope prediction, which
might signal a move towards contango, would lead to buying nearer-term contracts
and selling further-dated contracts. Conversely, a decreasing slope, potentially indicat-
ing backwardation, would result in selling nearer-term contracts and buying further-
dated ones. The Slope Portfolio is thus designed to exploit changes in the term structure
of futures prices by strategically positioning along different points of the futures curve.

Together, these portfolios provide a diversified and risk-managed approach to fu-
tures trading, balancing exposure to both price level changes and term structure shifts.
The performance evaluation of the Level Portfolio, based on backtest metrics from Jan-
uary 2005 to December 2023, highlights the significant advantages of the Curve MMOE
model over the Nelson-Siegel and LSTM + FFN models. The CurveMMOE model
generated an annualized return of 2.7%, significantly outperforming the Nelson-Siegel
model’s negative return of -2.5% and the LSTM + FFN model’s modest return of 0.7%.
This superior performance underscores the CurveMMOE model’s exceptional ability
to generate positive returns over the evaluation period. Furthermore, the CurveM-
MOE model achieved a Sharpe ratio of 0.5, indicating a more favorable return-to-risk
balance than the LSTM + FFN’s Sharpe ratio of 0.2 and the Nelson-Siegel’s negative
Sharpe ratio of -0.4. This higher Sharpe ratio emphasizes the CurveMMOE model’s
superior risk-adjusted returns. In addition, the CurveMMOE model exhibited the low-
est maximum drawdown at -21.4%, showcasing its robustness in preserving capital
during adverse market conditions. In contrast, the LSTM + FFN model had a higher
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drawdown of -30.4%, and the Nelson-Siegel model experienced the highest drawdown
at -37.6%, highlighting its substantial vulnerability to significant losses. These results
indicate that the CurveMMOE model is effective in generating returns and excels in
managing risk and mitigating losses.

Overall, the CurveMMOE model stands out as a robust and superior choice for
trading strategies focused on the Level Portfolio, demonstrating its exceptional capa-
bility in capturing the level dynamics of the futures curve and providing significant
benefits in terms of return generation and risk management.

Level Portfolio CurveMMOE Nelson-Siegel LSTM + FFN
Annualized Return (%) 2.7 -2.5 0.7
Annualized Sharpe Ratio 0.5 -0.4 0.2
Max Drawdown (%) -21.4 -37.6 -30.4

TABLE 6.2: Backtest metrics (net) for Level Portfolio from January 2005
to Dec 2023. Transaction costs were set at 10 bps.

The performance evaluation of the Slope Portfolio constructed by the Curve MMOE
model also demonstrates its superiority. The CurveMMOE model achieved an annu-
alized return of 2%, outperforming both the Nelson-Siegel model, which recorded an
annualized return of 1.2%, and the LSTM + FFN model, which had an annualized re-
turn of 0.7%. This indicates the CurveMMOE model’s superior capability in generating
positive returns by effectively capturing the slope dynamics of the futures curve. Ad-
ditionally, the CurveMMOE model achieved a Sharpe ratio of 1.7, significantly higher
than the Nelson-Siegel model’s Sharpe ratio of 0.9 and the LSTM + FFN model’s Sharpe
ratio of 0.6. This superior Sharpe ratio highlights the CurveMMOE model’s ability to
provide higher returns relative to the risk taken, offering a more favorable risk-return
balance.

From the perspective of risk, the CurveMMOE model exhibited the lowest maxi-
mum drawdown at -1.9%, demonstrating its effectiveness in mitigating losses during
adverse market conditions. In comparison, the Nelson-Siegel model had a maximum
drawdown of -2.8% and the LSTM + FEN model experienced a drawdown of -2.6%.
The lower drawdown of the CurveMMOE model indicates its superior performance in
preserving capital and managing risk.

Overall, the performance evaluation of the Slope Portfolio indicates that the CurveM-
MOE model outperforms the other models in terms of both return generation and risk-
adjusted-performance. The CurveMMOE model’s superior annualized return, higher
Sharpe ratio, and lower maximum drawdown underscore its effectiveness in captur-
ing the slope dynamics of the futures curve and managing risk. Conversely, while the
Nelson-Siegel model and the LSTM + FEN model show some capability in generat-
ing returns, they fall short in comparison to the CurveMMOE model, particularly in
terms of risk-adjusted performance and drawdown management. These results clearly
demonstrate the CurveMMOE model’s robustness and its significant benefits for trad-
ing strategies focused on the Slope Portfolio, making it a superior choice for navigating
the complexities of the futures market.
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Slope Portfolio CurveMMOE Nelson-Siegel LSTM + FFN
Annualized Return (%) 2 1.2 0.7
Annualized Sharpe Ratio 1.7 0.9 0.6
Max Drawdown (%) -1.9 -2.8 -2.6

TABLE 6.3: Backtest metrics (net) for Slope Portfolio from January 2005
to Dec 2023. Transaction costs were set at 10 bps.

In conclusion, the CurveMMOE model constructs better Level and Slope Portfolios
by leveraging deep learning architecture to enhance predictive accuracy, robustness,
and risk management. Its superior return generation and risk-adjusted metrics perfor-
mance make it a powerful tool for navigating the complexities of commodities markets,
offering traders a significant advantage in achieving consistent and substantial returns.

6.4 Conclusion

In conclusion, the CurveMMOE (Curve Multi-task Mixture of Experts) model signifi-
cantly advances the prediction of future curve dynamics for commodities and the op-
timization of trading strategy. By integrating deep learning architecture with a multi-
task learning approach and a Mixture of Experts framework, this model achieves su-
perior predictive accuracy, robustness, and risk management capabilities compared to
traditional methodologies. The CurveMMOE'’s unique design, which simultaneously
forecasts level and slope changes in the futures curve, is a testament to its innova-
tive approach. Leveraging the synergies inherent in multi-task learning and dynami-
cally adjusting the contributions of various LSTM experts through sophisticated gat-
ing networks, this adaptive approach enables the model to capture and utilize the
most relevant features for each prediction task. The result is a set of enhanced trad-
ing strategies that can effectively respond to complex market dynamics, setting the
CurveMMOE apart from traditional methodologies. Extensive backtesting using com-
prehensive historical data demonstrates the model’s significant profitability and risk
mitigation outperformance compared to existing methods. The CurveMMOE gener-
ates higher returns and exhibits improved risk-adjusted performance metrics, offering
traders a powerful tool for navigating the intricacies of commodities markets.

Beyond its predictive capabilities, the model provides actionable trading strategies
based on its forecasts. These strategies include exploiting the anticipated steepening or
flattening of the futures curve and offering valuable insights into market sentiment and
supply-demand conditions. This practical applicability enhances the model’s utility in
real-world trading scenarios, empowering traders to make more informed decisions
and achieve consistent, substantial returns.

The comprehensive evaluation presented in this chapter validates CurveMMOE'’s
effectiveness across various commodities and market conditions, underscoring its ro-
bustness and generalization capabilities. By providing a detailed and empirically vali-
dated approach for predicting and leveraging futures curve dynamics, this framework
represents a significant contribution to the field of commodities trading.
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Looking ahead, future research will focus on integrating explainable Al techniques
to enhance model transparency and build user trust. This development promises to
further increase the model’s utility in practical trading applications, potentially revolu-
tionizing how traders approach commodities markets.
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Chapter 7

Conclusions

In this thesis, we have made significant contributions to portfolio construction by in-
novatively applying advanced deep learning techniques. We have addressed several
key challenges in modern investment management by leveraging multi-task learning,
sophisticated neural architectures, and novel optimization approaches. Our multi-
task deep learning framework for time-series momentum portfolios demonstrates the
potential for improved risk-adjusted returns by exploiting cross-task learning syner-
gies. This approach enhances portfolio performance and provides a more nuanced
understanding of market dynamics. The development of the Multi-gate Mixture-of-
Experts architecture within a Multi-task Learning framework represents a significant
advancement in multi-period portfolio optimization, offering a more adaptive and ro-
bust approach to portfolio construction across various time horizons. Building on this
foundation, we adapted the Multi-gate Mixture-of-Experts architecture within a Multi-
task Learning framework for commodities curve trading. By fine-tuning the model to
address the unique dynamics of futures curves, particularly the transitions between
contango and backwardation, we demonstrated its effectiveness in enhancing trading
strategies within the commodities market. This adaptation not only underscores the
model’s versatility but also confirms its strong applicability in navigating the complex-
ities of commodities curve trading,

Furthermore, our sparse transformer architecture for index-tracking portfolios in-
troduces a novel method for simultaneous asset selection and weighting, addressing
the complex challenge of balancing tracking error, transaction costs, and excess re-
turns. This multi-objective optimization approach showcases the flexibility of deep
learning in handling the intricate requirements of index replication. These methodolo-
gies offer a comprehensive framework for enhancing portfolio performance in diverse
and dynamic market environments. The empirical results consistently demonstrate im-
provements over traditional approaches, highlighting the potential of these advanced
techniques to transform quantitative investment strategies.

However, it is essential to acknowledge the limitations and potential areas for fu-
ture research. The complexity of these models necessitates careful consideration of
interpretability and practical implementation challenges. Future work should focus
on enhancing model explainability, integrating alternative data sources, and extending
these frameworks to a broader range of asset classes and investment strategies.

In conclusion, this thesis represents a substantial advancement in applying machine
learning to portfolio construction. By effectively bridging the gap between theoretical
advancements and practical implementation, our work establishes a solid foundation
for the next generation of quantitative investment methodologies. It also encourages
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a forward-thinking approach to investment management. The ongoing evolution of
financial markets underscores the critical importance of this deep learning in portfolio
construction, which is poised to play a critical role in shaping the future landscape of
investment management.
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